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ON TRIANGULAR NUMBERS, FORMS OF MIXED TYPE AND THEIR
REPRESENTATION NUMBERS
B. RAMAKRISHNAN AND LALIT VAISHYA
Abstract. In [13], K. Ono, S. Robins and P.T. Wahl considered the problem of determining
formulas for the number of representations of a natural number n by a sum of k triangular numbers
and derived many applications, including the one connecting these numbers with the number of
representations of n as a sum of k odd square integers. They also obtained an application to the
number of lattice points in the k-dimensional sphere.
In this paper, we consider triangular numbers with positive integer coefficients. First we show
that if the sum of these coefficients is a multiple of 8, then the associated generating function gives
rise to a modular form of integral weight (when even number of triangular numbers are taken).
We then use the theory of modular forms to get the representation number formulas corresponding
to the triangular numbers with coefficients. We also obtain several applications concerning the
triangular numbers with coefficients similar to the ones obtained in [13].
In the second part of the paper, we consider more general mixed forms (as done in Xia-Ma-Tian
[19]) and derive modular properties for the corresponding generating functions associated to these
mixed forms. Using our method we deduce all the 21 formulas proved in [19, Theorem 1.1] and
show that our method of deriving the 21 formulas together with the (p, k) parametrization of the
generating functions of the three mixed forms imply the (p, k) parametrization of the Eisenstein
series E4(τ ) and its duplications. It is to be noted that the (p, k) parametrization of E4 and its
duplications were derived by a different method by K. S. Williams and his co-authors. In the final
section, we provide sample formulas for these representation numbers in the case of 4 and 6 variable
forms.
1. Introduction and Statement of results
Finding formulas for the number of representations of a positive integer by certain class of
quadratic forms is one of the classical problems in number theory, especially formulas for the
number of representations of a natural number n by a sum of k integer squares, denoted by rk(n).
In this connection, triangular numbers played an important role in finding formulas for rk(n), 8|k
(see [10]). The n-th triangular number for a non-negative integer n is given by Tn := n(n + 1)/2.
The first few triangular numbers are: 0, 1, 3, 6, 10, 15, . . .. In 1995, K. Ono, S. Robins and P.T. Wahl
[13] considered the problem of determining formulas for the number of representations of a natural
number n by k triangular numbers, denoted as δk(n). When 2|k, they used the theory of modular
forms of integral weight to get formulas for δk(n). In their work, they have also given several
applications of the function δk(n). One of them is the formula for δ24(n), involving the Ramanujan
Tau function τ(n). For general k, they related δk(n) with the number of representations of n
as a sum of k odd square integers. Further, they also obtained applications to the number of
lattice points inside k-dimensional sphere. In recent years there are many works which consider
the problem of finding formulas for the representation numbers for some (known) quadratic forms
with certain coefficients. We give here a few references to this effect [15, 1, 2, 18, 6, 19, 14]. In a
similar vein, in this paper, we consider triangular numbers with coefficients and obtain a criterion
(which depends only on the coefficients) in order that the associated generating function gives rise
to a modular form. Like in the work of Ono et. al, we also derive some applications related to the
triangular numbers with coefficients. For the purpose of explicit formulas, we compute explicit bases
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for the vector space of modular forms of weight k = 2, 3 (in these cases we choose the coefficients
such that the level of the space of modular forms is a divisor of 24) and give sample formulas for
the number of representations of n by 2k triangular numbers with coefficients 1, 2, 3, 4, 6.
In the second part of this paper, following the work of E. X. W. Xia, Y. H. Ma and L. X.
Tian [19], we consider mixed forms and find their corresponding representation numbers. More
specifically, in [19], they consider the following type of forms in 2m variables, which is given as
follows.
(1) M(x,y, z) :=
u∑
i=1
ai(x
2
2i−1 + x2i−1x2i + x
2
2i) +
v∑
i=1
biy
2
i +
k∑
i=1
ciTzi
where x := (x1, x2, . . . , x2u) ∈ Z2u, y := (y1, y2, . . . , yv) ∈ Zv, z := (z1, z2, . . . , zk) ∈ Nk0, N0 =
N ∪ {0}. Further, 2m = 2u + v + k, u, v, k are non-negative integers such that v + k is even and
the coefficients ai ∈ {1, 2, 4, 8}, bi ∈ {1, 2, 3, 6} and ci ∈ {1, 2, 3, 4, 6}. The above is a mixed form
consisting of quadratic forms of typem2+mn+n2, squares and triangular numbers with coefficients.
Though they defined a more general type of mixed forms M(x,y, z), with coefficients ai, bi and ci
as above, in their work, they actually deal with 21 mixed forms (and obtained the corresponding
representation formulas) with m = 4 (i.e., 8 variable forms). In the second part, we consider
forms of type (1) (all possible mixed forms) and show that the corresponding generating function
is a modular form of weight m/2 with some level and character (depending on the coefficients
ai, bi and ci). This enables us to use the theory of modular forms to get the required formulas
corresponding to the mixed forms, including the 21 formulas obtained in [19]. We also remark
that in [11], a few cases of triangular forms with coefficients and mixed forms consisting of squares
and triangular numbers with some coefficients have been studied and formulas were obtained using
different methods.
Before stating our main results, we make the following observation. In [19], the (p, k)- parametriza-
tions of E4(τ), η(τ) (and their duplications) and certain theta function identities are used to find
the required formulas for the 21 mixed forms. We prove that our formulas for the 21 mixed forms
(which uses the theory of modular forms) along with the (p, k)-parametrizations of the three gen-
erating functions of the three forms appearing in M(x,y, z) imply the (p, k)-parametrizations of
E4(τ) (and its duplications). The (p, k) parametrizations of E4(dτ), d|12, were obtained by a
different method in [7, 3]. A detailed presentation the above discussion appears in §5.1.
We are now ready to state our main results. Let us first fix some notations.
Let Ψ(τ) denote the generating function for the triangular numbers Tn. i.e.,
(2) Ψ(τ) :=
∞∑
n=0
qTn = 1 + q + q2 + q3 + q6 + q10 + · · · ,
where q = e2piiτ and so the generating function for δk(n) (representation number for the sum of
k-triangular numbers ) is given by
(3) Ψk(τ) =
∑
n≥0
δk(n)q
n.
In our first theorem we consider the sum of k triangular numbers with coefficients c1, c2, . . . , ck ∈ N0,
which is given by
(4) TC(z) :=
k∑
i=1
ci
zi(zi + 1)
2
,
where z is as above and C denotes the set of k-tuples (c1, c2, . . . , ck), ci ≤ ci+1. Let us denote by
δk(C;n) as the number of representations of an integer n ≥ 0 by TC(z). i.e.,
(5) δk(C;n) = #{(z1, z2, . . . , zk) ∈ Nk0 | n = TC(z)}.
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The generating function for TC(z), the sum of k -triangular numbers with coefficients ci is denoted
by ΨC(τ) and is given by
(6) ΨC(τ) =
k∏
i=1
Ψ(ciτ) =
∞∑
n=0
δk(C;n)qn.
Note that when all ci = 1, then ΨC(τ) = Ψ
k(τ) and δk(C;n) = δk(n).
Let h := c1+ c2+ · · ·+ ck. Our first result shows that when h is a multiple of 8, then qh/8ΨC(τ)
is a modular form of weight k/2.
Theorem 1.1. For an even integer k ≥ 2, let h be defined as above and set N = 2·lcm(c1, c2, . . . , ck),
c = c1 · c2 · · · ck. Then, qh/8ΨC(τ) is a modular form of weight k/2 on Γ0(N) with character
χ =
(
(−1)k/24c
·
)
if, and only if, h ≡ 0 (mod 8).
The mixed form given by (1) has three components which are linear combinations of quadratic
forms of type m2 +mn + n2, squares and triangular numbers. For the second part of the paper,
we take two sub classes of the above mixed forms which are combinations of triangular numbers
with squares and forms of the type m2 +mn + n2. We give a notation for these combinations in
the following.
Ml,t(x, z) =
u∑
i=1
ai(x
2
2i−1 + x2i−1x2i + x
2
2i) +
k∑
i=1
ciTzi , k is even ,
Ms,t(y, z) =
v∑
i=1
biy
2
i +
k∑
i=1
ciTzi , v + k is even ,
(7)
with x,y, z, ai, bi, ci as in (1).
The generating function for the mixed form Ml,t(x, z) is given as follows.
ψl,t(τ) =
u∏
i=1
F(aiτ)
k∏
j=1
Ψ(cjτ),
where F(τ) =∑m,n∈Z qm2+mn+n2 . As k is even, by Theorem 1.1, we know that qh/8∏kj=1Ψ(cjτ)
is a modular form when h =
∑
i ci is a multiple of 8. Further, F(τ) is a modular form in
M1(Γ0(3),
(
·
3
)
), which follows from Theorem 4 of [16]. Combining these two modular properties
we have the following theorem, which gives the modular property of ψl,t(τ).
Theorem 1.2. Let ψl,t(τ) be the generating function for the mixed formMl,t(x, z). Then qh/8ψl,t(τ)
is a modular form in Mu+k/2(Γ0(L), χ
′), where L = lcm[3 lcm(a1, . . . , au), 2 lcm(c1, . . . , ck)] and
χ′ = χ, if u is even and χ′ =
(
·
3
)
χ, if u is odd.
Next, we consider the mixed formMs,t(y, z) and denote its generating function by ψs,t(τ). Then
we have
(8) ψs,t(τ) =
v∏
i=1
θ(biτ)
k∏
j=1
Ψ(cjτ),
where θ(τ) is the classical theta function given by θ(τ) =
∑
n∈Z q
n2 .
In the next theorem, we shall obtain the modularity of the function ψs,t(τ). To derive this,
we use the fact that both the generating functions that appear on the right hand-side of (8) are
expressed as eta-quotients.
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Theorem 1.3. Let v and k be positive integers such that v + k is even and h be the sum of the
coefficients ci. Set M = lcm[4 lcm(b1, . . . , bv), 2 lcm(c1, . . . , ck)]. Then the function q
h/8ψs,t(τ) is
a modular form in M(v+k)/2(Γ0(M), χ
′′), if, and only if, h ≡ 0 (mod 8), where
χ′′ =


(
(−1)(v+k)/24
∏v
i=1 bi
∏k
j=1 cj
·
)
, if v and k are even,(
(−1)(v+k)/28
∏v
i=1 bi
∏k
j=1 cj
·
)
, if v and k are odd.
Note that the generating function Φ(τ) of the mixed form M(x,y, z) is expressed as∏u
i=1 F(aiτ)ψs,t(τ). Therefore, the modular property of F together with Theorem 1.3 give the
following result.
Corollary 1.4. The generating function Φ(τ) associated to the mixed formM(x,y, z) is a modular
form upto a rational power of q. More precisely, qh/8Φ(τ) is a modular form inMu+(v+k)/2(Γ0(N1), ω),
where N1 = lcm[3lcm(a1, . . . , au),M ] and ω = χ
′′, if u is even and ω =
(
·
3
)
χ′′, if u is odd. Here
M and χ′′ are as in Theorem 1.3.
Let rv(B;n) denote the number of representations of n by the sum of squares
∑v
i=1 biy
2
i , where
B denotes the set of v-tuples (b1, . . . , bv). When all bi = 1, then rv(B;n) is nothing but rv(n),
the number of representations of n as a sum of v squares. As mentioned before, δk(C;n) denotes
the number of representations of n by the linear combination of triangular numbers
∑k
i=1 ciTzi .
To simplify the notation, we will be writing the v-tuples and k-tuples in the explicit examples as
follows: (bα11 , . . . , b
αv
v ), (c
e1
1 , . . . , c
ek
k ), αi, ei ≥ 0, α1 + · · ·+ αv = v and e1 + · · ·+ ek = k. If some of
the exponents are zero, then the corresponding coefficient is taken to be zero. For a natural number
n, Ns,t(bα11 , . . . , bαvv ; ce11 , . . . , cekk ;n) denotes the number of representations of n by the mixed formMs,t(y, z). When all the bi’s and ci’s are equal to 1, then it is denoted by Ns,t(n). Similarly, when
all bi’s are 1, then rv(B;n) = rv(n) and when all ci’s are equal to 1, then δk(C;n) = δk(n).
Remark 1.1. Let v + k be an even positive integer. Then equation (8) gives an expression for the
generating function ψs,t(τ) in terms of the generating functions for the sum of squares with coef-
ficients and the sum of triangular numbers with coefficients. Therefore, using the above notations
for their representation numbers, we have∑
n≥0
Ns,t(bα11 , . . . , bαvv ; ce11 , . . . , cekk ;n)qn =
(∑
n≥0
rv(B;n)qn
)(∑
n≥0
δk(C;n)qn
)
.
Now, comparing the coefficient of qn both the sides, we get for n ≥ 1,
Ns,t(bα11 , . . . , bαvv ; ce11 , . . . , cekk ;n) = δk(C;n) + rv(B;n) +
n−1∑
m=1
rv(B;m)δk(C;n−m).
In other words, for n ≥ 1, we have the following identity:
δk(C;n) + rv(B;n) = Ns,t(bα11 , . . . , bαvv ; ce11 , . . . , cekk ;n)−
n−1∑
m=1
rv(B;m)δk(C;n−m).(9)
In the case when all bi’s and ci’s are equal to 1, the above identity becomes
δk(n) + rv(n) = Ns,t(n)−
n−1∑
m=1
rv(m)δk(n−m).(10)
Next we use Theorem 1.3 to get some more information about the above representation numbers.
Assume that h = e1c1 + e2c2 + · · · + ekck is a positive integer which is a multiple of 8 and write
it as h = 8p. With this assumption, by Theorem 1.3, the function qpψs,t(τ) is a modular form
of weight (v + k)/2 with some level M and character χ′′ as in the theorem. Therefore, by using
an explicit basis for the space of modular forms, it is possible to get a formula for the numbers
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Ns,t(bα11 , . . . , bαvv ; ce11 , . . . , cekk ;n), when n ≥ p. Using this formula in (9), we see that a formula
for rv(B;n) can be obtained recursively by knowing a formula for δk(C;n) and vice-versa. This is
interesting in the case when both v and k are odd (with the condition on h).
When v = k, we get a relation between the number of representations of a natural number
n by the linear combination (with coefficients ci) of k triangular numbers and the number of
representations of n as a linear combination (with coefficients ci) of k odd integer squares. By
taking v = k, we let
(11) qk(C;n) := #{(y1, y2, . . . , yk) ∈ Zk|n =
k∑
i=1
ciy
2
i , yi ≥ 0, 2 6 |yi}.
Then we have the following result for δk(C;n), which is an analogue of the corresponding result
obtained in [13] with all ci’s are equal to 1.
Proposition 1.5. For a positive integer n, we have
(12) δk(C;n) = qk(C; 8n + h),
where h = c1 + · · · + ck. In other words, the number of representations of n by TC(z) is the same
as the number of representations of 8n + h as a sum of k odd integer squares with coefficients ci,
1 ≤ i ≤ k. In particular, when all ci = 1, we have h = k. So, the above gives
(13) δk(n) = qk(8n+ k),
which is [13, Proposition 2].
We now give the relation between rk(n), δk(n), δ2k(n) by using the following identity (for a proof
of this identity, we refer to [8, p.40]).
(14) ψ2(τ) = θ(τ)ψ(2τ).
Taking k-th power of the above identity and using (13), we get the following corollary.
Corollary 1.6. For a natural number n, we have
(15) q2k(8n + 2k) = δ2k(n) =
∑
a,b∈N0
a+2b=n
rk(a)δk(b) =
∑
a,b∈N0
a+2b=n
rk(a)qk(8b+ k).
Proof. Taking k-th powers of both sides of (14) and comparing the respective n-th Fourier coeffi-
cients (n ≥ 1), we get,
δ2k(n) =
∑
a,b∈N0
a+2b=n
rk(a)δk(b) =
∑
a,b∈N0
a+2b=n
rk(a)qk(8b+ k) (by (13)).
Again by (13), we have δ2k(n) = q2k(8n + 2k). 
Remark 1.2. If we consider Corollary 1.6 for forms with coefficients, then the identity (14) for the
case of forms with coefficients C = (c1, . . . , ck) becomes:
(16) Ψ2C(τ) =
k∏
i=1
θ(ciτ)ΨC(2τ).
The LHS can be viewed as the generating function of 2k triangular numbers with coefficients
(c1, . . . , ck, c1, . . . , ck) =: C2 and the corresponding n-th Fourier coefficient is denoted as δ2k(C2;n).
The number of representations of n as a sum of k squares with coefficients (c1, . . . , ck) is written
in our notation as rk(C;n). Therefore, comparing the n-th Fourier coefficients of (16), we have the
following identity:
(17) δ2k(C2;n) =
∑
a,b∈N0
a+2b=n
rk(C; a)δk(C; b).
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When we consider 2k triangular numbers with coefficients (c1, . . . , ck, c1, . . . , ck), the corresponding
result for Proposition 1.5 is the following:
(18) δ2k(C2;n) = q2k(C2; 8n + 2h),
where h = c1 + . . .+ ck. Using (18) and (12) in (17), the analogous result for Corollary 1.6 in the
case of forms with coefficients is given by
(19) q2k(C2; 8n + 2h) = δ2k(C2;n) =
∑
a,b∈N0
a+2b=n
rk(C; a)δk(C; b) =
∑
a,b∈N0
a+2b=n
rk(C; a)qk(C; 8b+ h).
We illustrate Corollary 1.6 with some examples. When k = 4, 6, 8, 12, and 16, we use the formula
for δk(n) given by Ono et. al in [13, p. 77–81] to get the following relations among δk(n), rk(n).
Corollary 1.7. For a natural number n, we have
δ4(n) =
1
4
∑
a,b∈N0
a+2b=n
r2(a)r2(8b+ 2).
δ6(n) =
1
8
∑
a,b∈N0
a+2b=n
r3(a)r3(8b+ 3).
δ8(n) =
∑
a,b∈N0
a+2b=n
r4(a)σ(2b + 1).
δ12(n) =− 1
8
∑
a,b∈N0
a+2b=n
r6(a)σ2;1,χ−4(4b+ 3).
δ16(n) =
∑
a,b∈N0
a+2b=n
r8(a)σ
#
3 (b+ 1),
where σk;χ,ψ(n) is the generalised divisor function defined by (29), χ−4 is the odd Dirichlet character
modulo 4 and σ#3 (n) =
∑
d|n
n
d
−odd
d3.
Proof. The following formulas are established in [13, p. 77–81]:
δ2(n) =
1
4
r2(8n + 2); δ3(n) =
1
8
r3(8n + 3); δ4(n) = σ(2b + 1),
δ6(n) = −1
8
σ2;1,χ−4(4n + 3); δ8(n) = σ
#
3 (n+ 1).
Using these formulas in Corollary 1.6, we have the required formulas. 
Remark 1.3. When k = 4, 6, 8, we have the following known formulas for rk(n), which are given
below.
r4(n) = 8σ(n)− 32σ(n/4),
r6(n) = −4σ2;1,χ−4(n) + 16σ2;χ−4,1(n),
r8(n) = 16σ3(n)− 32σ3(n/2) + 256σ3(n/4).
Among these, r2(n) and r4(n) are well-known. To get the above expression for r6(n), we write θ
6(τ)
in terms of the two Eisenstein series E3;1,χ−4(τ) and E3;,χ−4,1(τ) and it is easy to get the above
formula by comparing the n-th Fourier coefficients. Now, using the above formulas in Corollary 1.7,
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we obtain the following formulas in terms of only the divisor functions. For a natural number n,
we have
δ8(n) = 8
∑
a,b∈N0
a+2b=n
σ(a)σ(2b + 1)− 32
∑
a,b∈N0
a+2b=n
σ(a/4)σ(2b + 1).
δ12(n) =
1
2
∑
a,b∈N0
a+2b=n
σ2;1,χ−4(a)σ2;1,χ−4(4b+ 3)− 2
∑
a,b∈N0
a+2b=n
σ2;χ−4,1(a)σ2;1,χ−4(4b+ 3).
δ16(n) = 16
∑
a,b∈N0
a+2b=n
σ3(a)σ
#
3 (b+ 1)− 32
∑
a,b∈N0
a+2b=n
σ3(a/2)σ
#
3 (b+ 1) + 256
∑
a,b∈N0
a+2b=n
σ3(a/4)σ
#
3 (b+ 1).
Proposition 1.8. Let R be a positive real number. Then, the k-dimensional ellipsoid with axis
lengths R/
√
ci, 1 ≤ i ≤ k, centred at (1/2, 1/2, . . . , 1/2) contains 2k
∑[R2
2
−h
8
]
n=1 δk(C;n) lattice points
in Zk.
1.1. General formulas. The main results in §1 give modular properties of the generating functions
of the triangular numbers with coefficients and the mixed forms. In particular, from Theorems 1.1,
1.2, 1.3 and Corollary 1.4 we know that the generating functions for TC(z), Ml,t(x, z), Ms,t(y, z)
andM(x,y, z) are all modular forms (upto a power of q) of integral weight for Γ0(N) with character
χ. The weight, level N and character χ all depend on the coefficients chosen for the corresponding
forms. Therefore, finding explicit basis for the space of modular forms of integral weight for some
level and character is equivalent to getting explicit formulas for the corresponding representation
numbers. We will elaborate this a little bit. Recall that the representation numbers corresponding
to TC(z) and Ms,t(y, z) are denoted respectively by δk(C;n) and Ns,t(bα11 , . . . , bαvv ; ce11 , . . . , cekk ;n).
We now give notations to the remaining two forms. Let Nl,t(aβ11 , . . . , aβuu ; ce11 , . . . , cekk ;n) denote
the representation number for the form Ml,t(x, z) and N (aβ11 , . . . , aβuu ; bα11 , . . . , bαvv ; ce11 , . . . , cekk ;n)
denote the representation number for the form M(x,y, z), where 2u + v + k = 2m. Now, let
G(τ) be one of the generating functions ΨC(τ), ψl,t(τ), ψs,t(τ) or Φ(τ) (corresponding to the forms
TC(z), Ml,t(x, z), Ms,t(y, z) or M(x,y, z) respectively). Then by Theorems 1.1, 1.2, 1.3 and
Corollary 1.4, we see that qh/8G(τ) belongs to the space Mm(Γ0(N), χ˜), where 2u+ v + k = 2m,
N =


2 · lcm(c1, c2, . . . , ck) for ΨC(τ),
lcm[3 lcm(a1, . . . , au), 2 lcm(c1, . . . , ck)] for ψl,t(τ),
lcm[4 lcm(b1, . . . , bv), 2 lcm(c1, . . . , ck)] for ψs,t(τ),
lcm[3lcm(a1, . . . , au), lcm[4 lcm(b1, . . . , bv), 2 lcm(c1, . . . , ck)]] for Φ(τ).
and
χ˜ =


χ for ΨC(τ),
χ′ for ψl,t(τ),
χ′′ for ψs,t(τ),
ω for Φ(τ),
where χ, χ′, χ′′ and ω are as in Theorems 1.1, 1.2, 1.3 and Corollary 1.4, respectively and
h = (c1 + . . .+ ck). If {f1, . . . , fνm,N,χ˜} is a basis for the space Mm(Γ0(N), χ˜), then we can express
qh/8G(τ) in terms of this basis as follows.
(20) qh/8G(τ) =
νm,N,χ˜∑
i=1
tifi(τ).
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Let p = h/8 and denote by afi(n), the n-th Fourier coefficient of the i-th basis element fi. Then
comparing the n-th Fourier coefficients in both the sides of (20), we get
(21)
νm,N,χ˜∑
i=1
tiafi(n) =


δk(C;n− p) for ΨC(τ),
Nl,t(aβ11 , . . . , aβuu ; ce11 , . . . , cekk ;n − p) for ψl,t(τ),
Ns,t(bα11 , . . . , bαvv ; ce11 , . . . , cekk ;n− p) for ψs,t(τ),
N (aβ11 , . . . , aβuu ; bα11 , . . . , bαvv ; ce11 , . . . , cekk ;n− p) for Φ(τ).
In §3, we use the above method to derive the 21 formulas obtained by Xia et al in [19].
1.1.1. Sample and Explicit formulas. In the above section we described the method to get explicit
formulas for the representation numbers. Our method is illustrated with some specific formulas
for the case where the level N is a divisor of 24 and the weight of the modular forms space is
either 2 or 3. In §4, we give a list of forms for the purpose of explicit examples. Forms with 4
variables are given in Table 2(a) and forms with 6 variables are given in Table 2(b). In this section,
we also provide explicit basis for the spaces M2(Γ0(d), χ) (Table A) and M3(Γ0(d), χ) (Table B),
where d|24. For the remaining cases listed in Tables 2(a) and 2(b), one can derive the explicit
formulas using (21) and the coefficients (ti’s) appearing in Tables 3 to 14 (Appendix). We have
used the open-source mathematics software SAGE (www.sagemath.org) for carrying out the above
calculations.
2. Proofs of theorems
Before we proceed to give proofs of our theorems, we shall present some known facts. For a
positive integers k and M , let Mk(Γ0(M), ψ) denote the C-vector space of holomorphic modular
forms of weight k with respect to the congruence subgroup Γ0(M) with character ψ (which is a
Dirichlet character modulo M). The subspace of cusp forms is denoted by Sk(Γ0(M), ψ). Let
η(τ) = q1/24
∏
n≥1(1 − qn) be the Dedekind eta function, where q = e2piiτ , τ ∈ H, the complex
upper half-plane. An eta-quotient is defined as
∏
δ|M η
rδ(δτ), where the product varies over all
the positive divisors δ of M and rδ are integers. The reason for naming this as an eta-quotient is
the fact that some of the eta powers rδ can be negative also. The following result gives necessary
conditions for an eta-quotient to be a modular form of integral weight.
Theorem A (Dummit, Kisilevsky and McKay [9])
For M ∈ N, let rδ ∈ Z for δ|M . Let f(τ) =
∏
δ|M
ηrδ (δτ) be an eta-quotient such that k = 12
∑
δ|M
rδ is
a positive integer. If f(τ) satisfies the the following conditions
(i)
∑
δ|M
δrδ ≡ 0 (mod 24) and
∑
δ|M
M
δ
rδ ≡ 0 (mod 24),
(ii) For each d ≥ 1,
∑
δ|M
gcd(d, δ)2rδ
δ
≥ 0,
then f(τ) is a modular form in Mk(Γ0(M), ψ), where the Dirichlet character ψ is given by
(
(−1)ks
·
)
,
where s =
∏
δ|M
δ|rδ|. In addition to above conditions, if in (ii), the quantity is strictly positive for
each d|M , then f(τ) ∈ Sk(Γ0(M), ψ).
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We also make use of the following fact, which expresses the generating function for the triangular
numbers (given by (2)) as an eta-quotient (for details we refer to [13, Proposition 1]).
(22) Ψ(τ) =
∞∏
n=1
(1− q2n)2
(1− qn) = q
−1/8 η
2(2τ)
η(τ)
.
2.1. Proof of Theorem 1.1. We use the expression for the generating function Ψ(τ) in terms of
eta-quotient and (6) to prove this theorem with the help of Theorem A. Using (6) and (22), we
have
(23) ΨC(τ) =
k∏
i=1
Ψ(ciτ) = q
−h/8
k∏
i=1
η2(2ciτ)
η(ciτ)
.
Therefore, qh/8ΨC(τ) is the eta-quotient
k∏
i=1
η2(2ciτ)
η(ciτ)
. Now we use Theorem A to get the required
modular property. It is easy to check that for condition (i) of Theorem A to satisfy, we need the
property that h = c1 + · · ·+ ck ≡ 0 (mod 8). To check condition (ii), we note that the pairs (δ, rδ)
are given by (ci,−1) and (2ci, 2), 1 ≤ i ≤ k. Therefore, we have
∑
δ|N
gcd(d, δ)2rδ
dδ
=
k∑
i=1
(
2
gcd(d, 2ci)
2
d(2ci)
− gcd(d, ci)
2
dci
)
.
Since for every d ≥ 1, we have
gcd(d, 2ci) ≥ gcd(d, ci), the right-hand side of the above equation is non-negative, condition (ii) of
Theorem A is satisfied for this eta-product. The weight and character parts can be checked easily.
This completes the proof.
2.2. Proof of Theorem 1.3. Since θ(τ) = η5(2τ)/(η2(τ)η2(4τ)), using (8) and (22), we have
ψs,t(τ) =
v∏
i=1
θ(biτ).
k∏
j=1
Ψ(cjτ)
=
v∏
i=1
η5(2biτ)
η2(biτ)η2(4biτ)
.q−h/8
k∏
j=1
η2(2cjτ)
η(cjτ)
.
Therefore, we have
(24) qh/8ψs,t(τ) =
v∏
i=1
η5(2biτ)
η2(biτ)η2(4biτ)
k∏
i=1
η2(2ciτ)
η(ciτ)
.
As in the proof of Theorem 1.1, we get the modular property of this eta-quotient by using
Theorem A. To get condition (i), we need the property c1 + · · · + ck ≡ 0 (mod 8). To check
condition (ii), we use the following fact:
Fact: For positive integers d and b, we have
10 gcd(d, 2b)2 − 8 gcd(d, b)2 − 2 gcd(d, 4b)2 ≥ 0.
Write d = 2αd1 and b = 2
βb1, with α, β ≥ 0 and 2 6 |d1b1. If S denotes the LHS of the above
property, then it is easy to see that S = 0 when α ≤ β and α > β + 1 and in the remaining
case S > 0. This proves the fact and this gives the required condition (ii) of Theorem A for our
eta-quotient. The weight and character of the resulting modular form can be obtained easily by
using Theorem A. This completes the proof.
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2.3. Proof of Proposition 1.5. Let n ≥ 1 be an integer represented by TC(z). Then we have
n =
k∑
i=1
ci
zi(zi + 1)
2
,
and so 8n = 4
∑k
i=1 cizi(zi + 1). Since h = c1 + . . .+ ck, we get
8n+ h =
∑k
i=1 ci(4x
2
i + 4xi + 1) =
k∑
i=1
ci(2xi + 1)
2.
Since one can trace back these identities, it follows that δk(C;n) = qk(C; 8n + h).
2.4. Proof of Proposition 1.8. Let r be a positive integer and assume that the k-dimensional
ellipsoid with axis lengths r/
√
ci, 1 ≤ i ≤ k centred at (1/2, . . . , 1/2) contains a lattice point
(z1, z2, . . . , zk) ∈ Zk, then we have
r2 =
k∑
i=1
ci(zi− 1
2
)2 =
k∑
i=1
ci[(z
2
i − zi) + 1/4] =
k∑
i=1
cizi(zi− 1) + 1
4
k∑
i=1
ci =
k∑
i=1
cizi(zi − 1) + h
4
.
Therefore, r
2
2 − h8 =
∑k
i=1 ci
zi(zi−1)
2 . This shows that we have a representation of
r2
2 − h8 as a sum
of k triangular numbers with coefficients ci, 1 ≤ i ≤ k. Since zi and (−zi − 1) represent the same
triangular number, the total number of lattice points in this ellipsoid is equal to 2kδk(C; [ r22 − h8 ]).
Thus, we have the required formula mentioned in the proposition.
3. Formulas for the 21 mixed forms and the (p, k)-parametrization of the
Eisenstein series E4(dτ), d|12.
In this section, we first derive formulas for the 21 mixed forms considered in the work of Xia
et. al [19] using our method. In Corollary 1.4 we observed that the generating function qh/8Φ(τ)
corresponding to the mixed form M(x,y, z) is a modular form of weight u + (v + k)/2 on some
subgroup Γ0(N) with character ω, depending on the coefficients involved in the mixed form. In
the above, h is the sum of the coefficients appearing in the triangular part of the mixed form. For
the 21 cases, it turns out that all the generating functions lie in the space M4(Γ0(12)). We use the
following basis for the space M4(Γ0(12)) (obtained in [14]):
E4(dτ), d|12; f4,6(τ), f4,6(2τ), f4,12(τ),
where E4(τ) is the normalized Eisenstein series of weight 4 for SL2(Z) and f4,6(τ), f4,12(τ) are the
newforms of weight 4 on Γ0(6) and Γ0(12) respectively, which are given explicitly in terms of the
eta-functions as follows.
f4,6(τ) = η
2(τ)η2(2τ)η2(3τ)η2(6τ),
f4,12(τ) =
η2(2τ)η3(3τ)η3(4τ)η2(6τ)
η(τ)η(12τ)
− η
3(τ)η2(2τ)η2(6τ)η3(12τ)
η(3τ)η(4τ)
.
So, we express the generating functions qh/8Φ(τ) as a linear combination of the above basis elements
as
(25) qh/8Φ(τ) =
∑
d|12
αdE4(dτ) + c1f4,6(τ) + c2f4,6(2τ) + c3f4,12(τ).
In the following table, we give the mixed forms and the corresponding coefficients αd, d|12, ci,
i = 1, 2, 3.
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Table 1. Coefficients table for the 21 mixed forms
Form Coefficients
α1 α2 α3 α4 α6 α12 c1 c2 c3
F(2τ)θ3(τ)θ3(3τ) 1120 0 −340 −215 0 65 0 0 4
qF(2τ)θ2(τ)θ2(3τ)Ψ(2τ)Ψ(6τ) 1480 −1480 −3160 0 3160 0 0 0 12
q2F(2τ)θ(τ)θ(3τ)Ψ2(2τ)Ψ2(6τ) 11920 −11920 −3640 0 3640 0 0 0 −18
q2F(4τ)θ2(τ)Ψ(τ)Ψ(3τ)Ψ2(6τ) 11920 −11920 −3640 0 3640 0 −12 −1 38
q2F(4τ)θ2(3τ)Ψ(τ)Ψ2(2τ)Ψ(3τ) 11920 −11920 −3640 0 3640 0 12 1 38
F(τ)F(2τ)θ4(3τ) 1300 −1200 13100 275 −39200 2625 165 325 2
F(τ)F(2τ)θ2(τ)θ2(3τ) 160 −1120 −320 −215 340 65 0 0 6
F(τ)F(2τ)θ4(τ) 13300 −13200 9100 2675 −27200 1825 485 965 −6
qF(τ)F(2τ)Ψ2(τ)Ψ2(3τ) 1240 −1240 −380 0 380 0 0 0 0
q2F(τ)F(2τ)Ψ2(2τ)Ψ2(6τ) 1640 −191920 −9640 1120 57640 −340 0 0 −38
F(2τ)F(4τ)θ2(τ)θ2(3τ) 1240 1240 −380 −215 −380 65 0 0 3
qF(2τ)F(4τ)Ψ2(τ)Ψ2(3τ) 1960 −1960 −3320 0 3320 0 0 0 34
F3(2τ)θ(τ)θ(3τ) 1120 0 −340 −215 0 65 0 0 0
qF3(2τ)Ψ(2τ)Ψ(6τ) 1240 −380 −380 130 2780 −310 0 0 0
F3(4τ)θ(τ)θ(3τ) 11200 −3400 3400 875 −27400 2425 95 185 0
F2(τ)F(2τ)θ(τ)θ(3τ) 130 −140 −310 −215 940 65 0 0 6
qF2(τ)F(2τ)Ψ(2τ)Ψ(6τ) 196 −7160 −332 130 63160 −310 0 0 −32
F(τ)F2(2τ)θ(τ)θ(3τ) 175 −150 325 875 −950 2425 245 485 0
F(2τ)F2(4τ)θ(τ)θ(3τ) 1480 1160 −3160 −215 −9160 65 0 0 32
F(τ)F(2τ)F(4τ)θ(τ)θ(3τ) 1120 0 −340 −215 0 65 0 0 6
qF(τ)F(2τ)F(4τ)Ψ(2τ)Ψ(6τ) 1960 164 −3320 −160 −964 320 0 0 34
By comparing the n-th Fourier coefficients of the expressions in (25), we obtain the following
formulas:
Nl,s(21; 1333;n) = 2σ3(n)− 18σ3(n/3) − 32σ3(n/4) + 288σ3(n/12) + 4a4,12(n),
Nl,s,t(21; 1232; 2161;n− 1) = 1
2
σ3(n)− 1
2
σ3(n/2)− 9
2
σ3(n/3) +
9
2
σ3(n/6) +
1
2
a4,12(n),
Nl,s,t(21; 1131; 2262;n− 2) = 1
8
σ3(n)− 1
8
σ3(n/2)− 9
8
σ3(n/3) +
9
8
σ3(n/6)− 1
8
a4,12(n),
Nl,s,t(41; 12; 113162;n− 2) = 1
8
σ3(n)− 1
8
σ3(n/2)− 9
8
σ3(n/3) +
9
8
σ3(n/6)− 1
2
a4,6(n)
− a4,6(n/2) + 3
8
a4,12(n),
Nl,s,t(41; 32; 112231;n− 1) = 1
8
σ3(n)− 1
8
σ3(n/2)− 9
8
σ3(n/3) +
9
8
σ3(n/6) +
1
2
a4,6(n)
+ a4,6(n/2) +
3
8
a4,12(n),
Nl,s(1121; 34;n) = 4
5
σ3(n)− 6
5
σ3(n/2) +
156
5
σ3(n/3) +
32
5
σ3(n/4)− 234
5
σ3(n/6)
+
1248
5
σ3(n/12) +
16
5
a4,6(n) +
32
5
a4,6(n/2) + 2a4,12(n),
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Nl,s(1121; 1232;n) = 4σ3(n)− 2σ3(n/2) − 36σ3(n/3)− 32σ3(n/4) + 18σ3(n/6)
+ 288σ3(n/12) + 6a4,12(n),
Nl,s(1121; 14;n) = 52
5
σ3(n)− 78
5
σ3(n/2) +
108
5
σ3(n/3) +
416
5
σ3(n/4)− 162
5
σ3(n/6)
+
864
5
σ3(n/12) +
48
5
a4,6(n) +
96
5
a4,6(n/2) − 6a4,12(n),
Nl,t(1121; 1232;n− 1) = σ3(n)− σ3(n/2) − 9σ3(n/3) + 9σ3(n/6),
Nl,t(1121; 2262;n− 2) = 3
8
σ3(n)− 19
8
σ3(n/2)− 27
8
σ3(n/3) + 2σ3(n/4) +
171
8
σ3(n/6)
− 18σ3(n/12) − 3
8
a4,12(n),
Nl,s(2141; 1232;n) = σ3(n) + σ3(n/2) − 9σ3(n/3)− 32σ3(n/4) − 9σ3(n/6)
+ 288σ3(n/12) + 3a4,12(n),
Nl,t(2141; 12.32;n− 1) = 1
4
σ3(n)− 1
4
σ3(n/2) − 9
4
σ3(n/3) +
9
4
σ3(n/6) +
3
4
a4,12(n),
Nl,s(23; 1131;n) = 2σ3(n)− 18σ3(n/3)− 32σ3(n/4) + 288σ3(n/12),
Nl,t(23; 2161;n− 1) = σ3(n)− 9σ3(n/2)− 9σ3(n/3) + 8σ3(n/4) + 81σ3(n/6)− 72σ3(n/12),
Nl,s(43; 1131;n) = 1
5
σ3(n)− 9
5
σ3(n/2) +
9
5
σ3(n/3) +
128
5
σ3(n/4) − 81
5
σ3(n/6)
+
1152
5
σ3(n/12) +
9
5
a4,6(n) +
18
5
a4,6(n/2),
Nl,s(1221; 1131;n) = 8σ3(n)− 6σ3(n/2) − 72σ3(n/3)− 32σ3(n/4) + 54σ3(n/6)
+ 288σ3(n/12) + 6a4,12(n),
Nl,t(1221; 2161;n− 1) = 5
2
σ3(n)− 21
2
σ3(n/2)− 45
2
σ3(n/3) + 8σ3(n/4) +
189
2
σ3(n/6)
− 72σ3(n/12) − 3
2
a4,12(n),
Nl,s(1122; 1131;n) = 16
5
σ3(n)− 24
5
σ3(n/2) +
144
5
σ3(n/3) +
128
5
σ3(n/4)− 216
5
σ3(n/6)
+
1152
5
σ3(n/12) +
24
5
a4,6(n) +
48
5
a4,6(n/2),
Nl,s(2142; 1131;n) = 1
2
σ3(n) +
3
2
σ3(n/2) − 9
2
σ3(n/3) − 32σ3(n/4)− 27
2
σ3(n/6)
+ 288σ3(n/12) +
3
2
a4,12(n),
Nl,s(112141; 1131;n) = 2σ3(n)− 18σ3(n/3)− 32σ3(n/4) + 288σ3(n/12) + 6a4,12(n),
Nl,t(1121.41; 2161;n− 1) = 1
4
σ3(n) +
15
4
σ3(n/2)− 9
4
σ3(n/3)− 4σ3(n/4)
− 135
4
σ3(n/6) + 36σ3(n/12) +
3
4
a4,12(n).
Remark 3.1. The above formulas are exactly the same as in Theorem 1.1 of [19]. The space of
cusp forms S4(Γ0(12)) is three dimensional spanned by f4,6(τ), f4,6(2τ) and f4,12(τ). However, in
[19, Theorem 3.1], they make use of only two cusp forms for getting the required expressions. We
observe that the two cusp forms appear in [19, Theorem 3.1], denoted by G(τ) and H(τ), can be
given in terms of our basis elements as follows.
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G(τ) = −1
6
f4,6(τ)− 1
3
f4,6(2τ) +
1
6
f4,12(τ)
H(τ) =
1
2
f4,6(τ) + f4,6(2τ) +
1
2
f4,12(τ).
(26)
We now make the following observation about obtaining representations of E4(τ) and its dupli-
cations in terms of p, k using our identities (25).
To get the identities given by (25) (with G(τ),H(τ) in place of f4,6(τ), f4,6(2τ), f4,12(τ)), Xia et.
al used the method of (p, k)-parametrization. Let
p = p(τ) :=
θ2(τ)− θ2(3τ)
2θ2(3τ)
, k = k(τ) :=
θ3(3τ)
θ(τ)
.
In [4, Theorems 1,2,4], (p, k)-parametrizations of F(dτ), d = 1, 2, 4 are given and in [2, (2.3)] the
parametrization is given for the theta series θ(τ) and θ(3τ). Further, in [5], the representations
of qj/24
∏∞
n=1(1 − qnj), j = 1, 2, 3, 4, 6, 12 in terms of p and k have been established. In [7], Alaca
and Williams derived the representations of E4(dτ), d = 1, 2, 3, 4, 6, 12 in terms of p and k. In
[19], all the above (p, k)-parametrizations were used to get the identity (25) for all the 21 mixed
forms. Since we establish (25) using the theory of modular forms, we use these identities along with
the (p, k)-parametrizations obtained in [4, Theorems 1,2,4], [2, (2.3)] and [5] (for the generating
functions F(τ), θ(τ) and Ψ(τ)) to derive the representations of E4(τ) and its duplications in terms
of p and k. Using the (p, k)-parametrization for the left-hand side generating functions in (25), we
get a system of equations involving E4(dτ), d|12, f4,6(ℓτ), ℓ = 1, 2 and f4,12(τ) and the functions
p and k, from which we derive the required representations of E4(dτ), d|12, f4,6(ℓτ), ℓ = 1, 2 and
f4,12(τ) in terms of p, k, which we give below. (We have used Mathematica software for doing these
computations.)
E4(τ) = (1 + 124p + 964p
2 + 2788p3 + 3910p4 + 2788p5 + 964p6 + 124p7 + p8)k4,
E4(2τ) = (1 + 4p + 64p
2 + 178p3 + 235p4 + 178p5 + 64p6 + 4p7 + p8)k4,
E4(3τ) = (1 + 4p + 4p
2 + 28p3 + 70p4 + 28p5 + 4p6 + 4p7 + p8)k4,
E4(4τ) = (1 + 4p + 4p
2 − 2p3 + 10p4 + 28p5 + 31
4
p6 − 29
4
p7 +
1
16
p8)k4,
E4(6τ) = (1 + 4p + 4p
2 − 2p3 − 5p4 − 2p5 + 4p6 + 4p7 + p8)k4,
E4(12τ) = (1 + 4p + 4p
2 − 2p3 − 5p4 − 2p5 + 1
4
p6 +
1
4
p7 +
1
16
p8)k4,
f4,6(τ) = (−1− 4p− 119
32
p2 +
115
32
p3 − 913
128
p4 − 1695
64
p5 − 2049
256
p6 +
1801
256
p7 − 1
16
p8)k4,
f4,6(2τ) = (
1
2
+
9
4
p+
175
64
p2 − 83
64
p3 +
673
256
p4 +
1583
128
p5 +
2081
512
p6 − 1737
512
p7 +
1
32
p8)k4,
f4,12(τ) = (
1
2
p+
7
4
p2 +
7
4
p3 − 7
4
p5 − 7
4
p6 − 1
2
p7)k4.
Now using (26), we obtain representations of G(τ) and H(τ) in terms of p, k, which is given below.
G(τ) =
2p3 + 5p4 − 5p6 − 2p7
16
k4 =
p3(1− p)(1 + p)(1 + 2p)(2 + p)
16
k4,
H(τ) =
8p+ 28p2 + 22p3 − 15p4 − 28p5 − 13p6 − 2p7
16
k4 =
p(1− p)(1 + p)(1 + 2p)(2 + p)3
16
k4.
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4. Explicit formulas in the case of 4 and 6 variables
In this section, we give a list of forms in 4 and 6 variables for the purpose of providing explicit
examples for our main results. Since the number of examples is too big, we present a few sample
formulas in each case and the other formulas are expressed in terms of linear combination of basis
elements (of the respective vector space of modular forms) and the linear combination coefficients
are listed in tabular format at the end of this paper.
Table 2(a). Forms with 4 variables
Recall that TC denotes the sum of triangular numbers with coefficients in C, given by (4) and
Ms,t, Ml,t are the mixed forms given by the equation (7).
Space Form
TC:(1
e12e23e34e46e5 ) Ms,t:(1
j12j23j16j4 ; 1e12e23e14e46e5 ) Ml,t:(1
i12i24i18i4 ; 1e12e23e14e46e5 )
M2(6, χ0) (1
232)
M2(8, χ0) (2
4) (12; 42), (22; 42), (21; 2241)
M2(8, χ8) (1
22141) (1121; 42), (11; 2241)
M2(12, χ0) (1
131; 2161), (11; 2132), (31; 1261) (11; 2161), (21; 2161), (41; 2161)
M2(12, χ12) (1
12231), (113162) (12; 2161), (32; 2161), (31; 2132), (11; 1261)
M2(24, χ0) (3
2; 42), (62; 42), (2161; 2161), (21; 4162), (61; 113141) (81; 2161),
M2(24, χ8) (3
161; 42), (1161; 2161), (2131; 2161), (11; 4162),
(31; 113141), (2; 2132), (61; 1261)
(1131; 42), (2161; 42), (22; 2161), (62; 2161) , (11; 42), (21; 42), (41; 42), (81; 42)
M2(24, χ12) (2
1; 113141), (61; 2241)(61; 4162)
M2(24, χ24) (3
24161) (1161; 42), (2131; 42), (1121; 2161), (3161; 2161),
(11; 113141), (21; 1261), (31; 4162), (31; 2241), (61; 2132)
Table 2(b). Forms with 6 variables
Apart from the three types as in Table 2(a), here we also consider the mixed form M given by
(1), having all three types of forms.
Space Form
TC:(1
e12e23e34e46e5 ) Ml,t :(1
i12i24i38i4 ; 1e12e23e34e46e5)
M3(4, χ−4) (1
422)
M3(8, χ−4) (2
442), (46)
M3(8, χ−8) (1
22143)
M3(6, χ−3) (1
531), (1135) (11; 1232), (21; 1232)
(12; 2161), (1121; 2161), (1141; 2161), (22; 2161), (2141; 2161),
M3(12, χ−3) (1
2213261), (2561), (2165), (2363) (42; 2161), (11; 24), (21; 2262), (41; 64), (41; 1232)
M3(12, χ−4) (1
462), (11233161), (11213163), (2234), (3462) (11; 112231), (11; 113162), (21; 112231),
(21; 113162), (41; 112231), (41; 113162)
(1181; 2161), (2181; 2161), (4181; 2161), (82; 2161), (81; 1232),
M3(24, χ−3) (1
1314262), (214461), (11223142) (81; 24), (81; 2262), (81; 64), (11; 44), (21; 44), (41; 44), (81; 44)
(12; 42), (1121; 42), (1141; 42), (22; 42), (2141; 42), (42; 42),
M3(24, χ−4) (1
23242), (224262), (4264) (1181; 42), (2181; 42), (4181; 42), (82; 42), (81; 112231), (81; 113162),
(11; 214261), (21; 214261), (41; 214261), (81; 214261)
M3(24, χ−8) (1
3314161), (233241), (21324162) (11; 324161), (21; 324161), (41; 324161), (81; 324161)
M3(24, χ−24) (1
24163), (11213341), (12224161), (324361) (11; 122141), (21; 122141), (41; 122141), (81; 122141)
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Space Form
Ms,t :(1
i12i23i36i4 ; 1e12e23e34e46e5) M : (1i12i24i38i4 ; 1j12j23j36j4 ; 1e12e23e34e46e5)
M3(4, χ−4) (1
2; 24)
M3(8, χ−4) (1
4; 42), (24; 42), (1222; 42), (12; 44), (22; 44), (22; 24),
(1121; 122141), (1221; 2241), (23; 2241)
M3(8, χ−8), (1
123; 42), (1321; 42), (12; 122141), (22; 122141),
(1121; 24), (1121; 44), (13; 2241), (1122; 2241)
M3(12, χ−3) (1
4; 2161), (1232; 2161), (34; 2161), (12; 112231), (12; 113162), (11; 1131; 2161), (21; 1131; 2161), (41; 1131; 2161)
(32; 112231), (32; 113162), (1131; 24), (1131; 64), (1131; 1232), (11; 11; 2132), (21; 11; 2132), (41; 11; 2132)
(1131; 2262), (13; 1261), (1132; 1261), (1231; 2132), (33; 2132) (11; 31; 1261), (21; 31; 1261), (41; 31; 1261)
M3(12, χ−4) (1
133; 2161), (1331; 2161), (1131; 112231), (1131; 113162), (12; 64), (11; 12; 2161), (21; 12; 2161), (41; 12; 2161),
(12; 1232), (12; 2262), (32; 24), (32; 64), (32; 1232), (32; 2262) (11; 32; 2161), (21; 32; 2161), (41; 32; 2161)
(1231; 1261), (33; 1261), (13; 2132), (1132; 2132) (11; 11; 1261), (21; 11; 1261), (41; 11; 1261)
(11; 31; 2132), (21; 31; 2132), (41; 31; 2132)
M3(24, χ−3) (2
361; 42), (2163; 42), (112231; 42), (122161; 42), (113162; 42), (81; 1131; 2161), (11; 2161; 2161), (21; 2161; 2161),
(213261; 42), (64; 2161), (1262; 2161), (2232; 2161), (2262; 2161), (41; 2161; 2161), (81; 2161; 2161), (11; 12; 42),
(3262; 2161), (11213161; 2161), (1131; 44), (2161; 44), (12; 214261), (21; 12; 42), (41; 12; 42), (81; 12; 42), (11; 22; 42), (21; 22; 42),
(32; 214261), (22; 112231), (22; 113162), (22; 214261), (62; 112231), (41; 22; 42), (81; 22; 42), (11; 32; 42), (21; 32; 42), (41; 32; 42),
(62; 113162), (62; 214261), (1121; 324161), (3161; 324161), (81; 32; 42), (11; 62; 42), (21; 62; 42), (41; 62; 42), (81; 62; 42)
(1161; 122141), (2131; 122141), (2161; 24), (2161; 64), (2161; 1232),
(2161; 2262)
(1261; 2241), (2261; 2241), (3261; 2241), (63; 2241), (112131; 2241), (11; 21; 2241), (21; 21; 2241), (41; 21; 2241), (81; 21; 2241),
(1122; 1261), (213161; 1261), (1162; 1261), (2231; 2132), (11; 21; 4162), (21; 21; 4162), (41; 21; 4162), (81; 21; 4162),
(112161; 2132), (3162; 2132), (1261; 4162), (2261; 4162), (11; 61; 113141), (21; 61; 113141), (41; 61; 113141),
(3261; 4162), (63; 4162), (112131; 4162), (1221; 113141), (81; 61; 113141), (81; 11; 2132), (81; 31; 1261)
(23; 113141), (113161; 113141), (2132; 113141), (2162; 113141)
M3(24, χ−4) (3
4; 42), (1232; 42), (64; 42), (1262; 42), (2232; 42), (2262; 42), (81; 12; 2161), (81; 32; 2161), (11; 22; 2161), (21; 22; 2161),
(3262; 42), (11213161; 42), (2361; 2161), (2163; 2161), (112231; 2161), (41; 22; 2161), (81; 22; 2161), (11; 62; 2161), (21; 62; 2161),
(122161; 2161), (113162; 2161), (213261; 2161), (3161; 122141), (41; 62; 2161), (81; 62; 2161), (11; 1131; 42), (21; 1131; 42),
(32; 44), (1161; 324161), (2131; 324161), (1131; 214261), (41; 1131; 42), (81; 1131; 42), (11; 2161; 42),
(2161; 112231), (2161; 113162), (2161; 214261), (62; 24), (62; 44), (21; 2161; 42), (41; 2161; 42), (81; 2161; 42)
(62; 64), (62; 1232), (62; 2262), (22; 64), (22; 1232), (22; 2262)
(113161; 2241), (2132; 2241), (2162; 2241), (2231; 1261), (11; 61; 2241), (21; 61; 2241), (41; 61; 2241), (81; 61; 2241),
(112161; 1261), (3162; 1261), (1122; 2132), (213161; 2132), (11; 61; 4162), (21; 61; 4162), (41; 61; 4162), (81; 61; 4162),
(1162; 2132), (1221; 4162), (23; 4162), (113161; 4162), (11; 21; 113141), (21; 21; 113141), (41; 21; 113141),
(2132; 4162), (2162; 4162), (1261; 113141), (2261; 113141), (81; 21; 113141), (81; 11; 1261), (81; 31; 2132)
(3261; 113141), (63; 113141), (112131; 113141)
M3(24, χ−8) (3
361; 42), (3163; 42), (112132; 42), (112162; 42), (123161; 42), (11; 1161; 42), (21; 1161; 42), (41; 1161; 42), (81; 1161; 42),
(223161; 42), (1361; 2161), (1163; 2161), (2331; 2161), (2133; 2161), (11; 2131; 42), (21; 2131; 42), (41; 2131; 42), (81; 2131; 42),
(122131; 2161), (112261; 2161), (113261; 2161), (213162; 2161), (11; 1121; 2161), (21; 1121; 2161), (41; 1121; 2161),
(1131; 324161), (2161; 324161), (1161; 112231), (1161; 113162), (81; 1121; 2161), (11; 3161; 2161), (21; 3161; 2161),
(1161; 214261), (2131; 112231), (2131; 113162), (2131; 214261), (41; 3161; 2161), (81; 3161; 2161)
(32; 122141), (62; 122141), (3161; 24), (3161; 44), (3161; 64),
(3161; 1232), (3161; 2262), (1121; 64), (1121; 1232), (1121; 2262)
(1132; 2241), (213161; 2241), (1162; 2241), (1261; 1261), (11; 31; 2241), (21; 31; 2241), (41; 31; 2241), (81; 31; 2241),
(2261; 1261), (3261; 1261), (63; 1261), (112131; 1261), (11; 21; 1261), (21; 21; 1261), (41; 21; 1261), (81; 21; 1261),
(1221; 2132), (23; 2132), (113161; 2132), (2132; 2132), (11; 61; 2132), (21; 61; 2132), (41; 61; 2132), (81; 61; 2132),
(2162; 2132), (13; 4162), (1122; 4162), (1132; 4162), (11; 31; 4162), (21; 31; 4162), (41; 31; 4162), (81; 31; 4162),
(213161; 4162), (1162; 4162), (1231; 113141), (33; 113141), (11; 11; 113141), (21; 11; 113141), (41; 11; 113141),
(2231; 113141), (112161; 113141), (3162; 113141) (81; 11; 113141)
M3(24, χ−24) (1
361; 42), (1163; 42), (2331; 42), (2133; 42), (122131; 42), (11; 1121; 42), (21; 1121; 42), (41; 1121; 42), (81; 1121; 42),
(112261; 42), (113261; 42), (213162; 42), (3361; 2161), (3163; 2161), (11; 3161; 42), (21; 3161; 42), (41; 3161; 42), (81; 3161; 42),
(112132; 2161), (112162; 2161), (123161; 2161), (223161; 2161), (11; 1161; 2161), (21; 1161; 2161), (41; 1161; 2161),
(12; 324161), (22; 324161), (32; 324161), (62; 324161), (81; 1161; 2161), (11; 2131; 2161), (21; 2131; 2161),
(1121; 112231), (1121; 113162), (1121; 214261), (3161; 112231), (41; 2131; 2161), (81; 2131; 2161)
(3161; 113162), (3161; 214261), (1131; 122141), (2161; 122141),
(1161; 24), (1161; 44), (1161; 64), (1161; 1232), (1161; 2262),
(2131; 24), (2131; 44), (2131; 64), (2131; 1232), (2131; 2262)
(1231; 2241), (33; 2241), (2231; 2241), (112161; 2241), (3162; 2241), (11; 11; 2241), (21; 11; 2241), (41; 11; 2241), (81; 11; 2241),
(1221; 1261), (23; 1261), (113161; 1261), (2132; 1261), (2162; 1261), (11; 61; 1261), (21; 61; 1261), (41; 61; 1261), (81; 61; 1261),
(1261; 2132), (2261; 2132), (3261; 2132), (63; 2132), (112131; 2132), (11; 21; 2132), (21; 21; 2132), (41; 21; 2132), (81; 21; 2132),
(1231; 4162), (33; 4162), (2231; 4162), (112161; 4162), (3162; 4162), (11; 11; 4162), (21; 11; 4162), (41; 11; 4162), (81; 11; 4162),
(13; 113141), (1122; 113141), (1132; 113141), (213161; 113141), (11; 31; 113141), (21; 31; 113141), (41; 31; 113141),
(1162; 113141) (81; 31; 113141)
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4.1. Explicit bases for the space Mk(Γ0(N), χ), k = 2, 3, N = 6, 8, 12, 24. In order to give
explicit examples for the cases given in Tables 2 and 3, we shall provide explicit bases for the
spaces of modular forms Mk(Γ0(N), χ) for k = 2, 3, and N = 6, 8, 12, 24.
The following functions are used to construct the explicit bases for the spaces of modular forms.
For an integer k ≥ 4, let Ek denote the normalized Eisenstein series of weight k for the full
modular group SL2(Z), given by
Ek(τ) = 1− 2k
Bk
∑
n≥1
σk−1(n)q
n,
where q = e2ipiτ ,τ ∈ H, σr(n) =
∑
d|n d
r and Bk is the k-th Bernoulli number defined by following
identitty
x
ex − 1 =
∞∑
m=0
Bm
m!
xm. The above Fourier expansion is also valid for k = 2 and is given by
E2(τ) = 1− 24
∑
n≥1
σ(n)qn
and it is not a modular form but a quasimodular form of weight 2. However, one can construct
weight 2 modular forms using E2(τ), which is defined as follows. For a given natural number N , let
a, b be positive divisors of N with a < b. Then the following function is a modular form of weight
2 on Γ0(lcm[a, b]), with trivial character:
(27) φa,b(τ) :=
bE2(bτ)− aE2(aτ)
b− a .
Apart from these Eisenstein series, we also use the following generalized Eisenstein series. Sup-
pose that χ and ψ are primitive Dirichlet characters with conductors M and N , respectively. For
a positive integer k, let
(28) Ek,χ,ψ(τ) := −Bk,ψ
2k
δM,1 +
∑
n≥1

∑
d|n
ψ(d) · χ(n/d)dk−1

 qn,
where δm,n is the Kronecker delta function andBk,ψ is the generalized Bernoulli number with respect
to the character ψ. Then, the Eisenstein series Ek,χ,ψ(τ) belongs to the space Mk(Γ0(MN), χψ),
provided χ(−1)ψ(−1) = (−1)k and MN 6= 1. When χ = ψ = 1 (i.e., whenM = N = 1) and k ≥ 4,
we have Ek,χ,ψ(τ) = −Bk2k Ek(τ), the normalized Eisenstein series of integer weight k as defined
before. For more details on the construction of these Eisenstein series, we refer to [12, 17]. We
denote the inner sum in (28) by σk−1;χ,ψ(n). i.e.,
(29) σk−1;χ,ψ(n) :=
∑
d|n
ψ(d) · χ(n/d)dk−1.
An eta-quotient is defined as a finite product of integer powers of η(τ) where, η(τ) = q1/24
∏
n≥1(1−
qn) is the Dedekind eta function and we denote it as follows.
(30) δ
rδ1
1 δ
rδ2
2 · · · δrδss :=
s∏
i=1
ηrδi (δiτ),
where δi’s are positive integers and rδi ’s are non-zero integers.
From the basic facts of the theory of modular forms, we have the following decomposition with
respect to peterson inner product
Mk(Γ0(N), χ) = Ek(Γ0(N), χ)⊕ Sk(Γ0(N), χ),
where, Ek(Γ0(N), χ) and Sk(Γ0(N), χ) denote the the space generated by Eisenstein series and
space of cusp forms respectively. For a given weight k, level N with character χ, we denote by
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νk,N,χ the dimension of the vector space Mk(Γ0(N), χ). We write a general basis for Mk(Γ0(N), χ)
as fk,N,χ;j(τ), where 1 ≤ j ≤ νk,N,χ. In the basis, we first list the basis elements for the space of
Eisenstein series Ek(Γ0(N), χ), followed by the basis elements of Sk(Γ0(N), χ). Denoting by ek,N,χ
and sk,N,χ the dimensions of the vector spaces Ek(Γ0(N), χ) and Sk(Γ0(N), χ) respectively, we have
νk,N,χ = ek,N,χ + sk,N,χ.
The following tables give bases for the vector spaces M2(Γ0(N), χ) and M3(Γ0(N), χ). The
character χ0 denotes the principal character modulo the respective level N and χm denotes the
Kronecker symbol
(
m
·
)
.
Table A. Basis for M2(Γ0(N), χ)
Space Dimension Basis for M2(Γ0(N), χ)
(N,χ) e2,N,χ s2,N,χ Basis for E2(Γ0(N), χ) Basis for S2(Γ0(N), χ)
(6, χ0) 3 0 {φ1,b, b|6, b 6= 1} {0}
(8, χ0) 3 0 {φ1,b, b|8, b 6= 1} {0}
(8, χ8) 2 0 {E2,1,χ8(τ), E2,χ8,1(τ)} {0}
(12, χ0) 5 0 {φ1,b, b|12, b 6= 1} {0}
(12, χ12) 4 0 {E2,1,χ12(τ), E2,χ12,1(τ),
E2,χ4,χ3(τ), E2,χ3,χ4(τ)}
{0}
(24, χ0) 7 1 {φ1,b, b|24, b 6= 1} {∆2,24,χ0(τ)}
(24, χ8) 4 2 {E2,1,χ8(az), a|3; E2,χ8,1(bz), b|3} {∆2,24,χ8;1(τ),∆2,24,χ8;2(τ)}
(24, χ12) 8 0 {E2,1,χ12(az), a|2;E2,χ12 ,1(bz), b|2;
E2,χ4,χ3(cz), c|2;E2,χ3 ,χ4(dz), d|2}
{0}
(24, χ24) 4 2 {E2,1,χ24(τ), E2,χ24,1(τ),
E2,χ8,χ3(τ), E2,χ3,χ8(τ)}
{∆2,24,χ24;1(τ),∆2,24,χ24;2(τ)}
Table B. Basis for M3(Γ0(N), χ)
Space Dimension Basis for M3(Γ0(N), χ)
(N,χ) e3,N,χ s3,N,χ Basis for E3(Γ0(N), χ) Basis for S3(Γ0(N), χ)
(4, χ−4) 2 0 {E3,1,χ−4(τ), E3,χ−4,1(τ)} {0}
(3, χ−3) 2 0 {E3,1,χ−3(τ), E3,χ−3,1(τ)} {0}
(6, χ−3) 4 0 {E3,1,χ−3(az), a|2;E3,χ−3 ,1(bz), b|2} {0}
(8, χ−4) 4 0 {E3,1,χ−4(az), a|2; E3,χ−4,1(bz), b|2} {0}
(8, χ−8) 2 1 {E3,1,χ−8(τ), E3,χ−8,1(τ)} {∆3,8,χ−8(τ)}
(12, χ−3) 6 1 {E3,1,χ−3(az), a|4; E3,χ−3,1(bz), b|4} {∆3,12,χ−3(τ)}
(12, χ−4) 4 2 {E3,1,χ−4(az), a|3; E3,χ−4,1(bz), b|3} {∆3,12,χ−4;1(τ),∆3,12,χ−4;2(τ)}
(24, χ−3) 8 4 {E3,1,χ−3(az), a|8; E3,χ−3,1(bz), b|8} {∆3,12,χ−3(az), a|2;∆3,24,χ−3 ;s(τ),
(24, χ−4) 8 4 {E3,1,χ−4(az), a|6; E3,χ−4,1(bz), b|6} {∆3,12,χ−4;1(az), a|2;
∆3,12,χ−4;2(bz), b|2}
(24, χ−8) 4 6 {E3,1,χ−8(az); a|3, E3,χ−8,1(bz); b|3} {∆3,8,χ−8(az), a|3;
∆3,24,χ−8;s(τ); 1 ≤ s ≤ 4}
(24, χ−24) 4 6 {E3,1,χ−24(τ), E3,χ−24,1(τ),
E3,χ−3,χ8(τ), E3,χ8,χ−3(τ)}
{∆3,24,χ−24;r(τ); 1 ≤ r ≤ 6}
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In the above tables, we use the following eta-quotients for the basis of cusp forms.
∆2,24,χ0(τ) = 2
14161121 ,
∆2,24,χ8;1(τ) = 1
12−13−1648212−1 , ∆2,24,χ8;2(τ) = 1
24−16−18112424−1 ,
∆2,24,χ24;1(τ) = 1
12−13−1416412−2242 , ∆2,24,χ24;2(τ) = 1
22−244618−112−1241 ,
∆3,8,χ−8(τ) = 1
2214182, ∆3,12,χ−3(τ) = 2
363,
∆3,12,χ−4;1(τ) = 1
42−14161121, ∆3,12,χ−4;2(τ) = 1
121316−1124,
∆3,24,χ−3;1(τ) = 1
3213−144618−3241, ∆3,24,χ−3;2(τ) = 1
−32431418312124−1,
∆3,24,χ−8;1(τ) = 1
−22444618−2121, ∆3,24,χ−8;2(τ) = 1
243638−112−2241,
∆3,24,χ−8;3(τ) = 2
3324−28112324−1, ∆3,24,χ−8;4(τ) = 1
1213−141628112224−1,
∆3,24,χ−24;1(τ) = 1
−3293−14−36412−2242, ∆3,24,χ−24;2(τ) = 1
−228618−112−1241,
∆3,24,χ−24;3(τ) = 1
12−53−1411648−412−2242, ∆3,24,χ−24;4(τ) = 1
22−6414618−512−1241,
∆3,24,χ−24;5(τ) = 1
12−13−54161412−6242, ∆3,24,χ−24;6(τ) = 1
22−23−4446118−112−5241.
The Fourier expansions of the above forms are written as follows:
∆k,N,χ(τ) =
∑
n≥1
τk,N,χ(n)q
n, ∆k,N,χ;j(τ) =
∑
n≥1
τk,N,χ;j(n)q
n.
4.2. Sample formulas (4 variables).
δ4(1
232;n− 1) = −σ(n) + σ(n/2) + 3σ(n/3) − 3σ(n/6),
δ4(2
4;n− 1) = −σ(n) + 3σ(n/2) − 2σ(n/4),
δ4(1
22141;n− 1) = σ1;χ8,1(n),
Ns,t(1121; 42;n− 1) = σ1;χ8,1(n),
Ns,t(11; 2241;n− 1) = σ1;χ8,1(n),
Ns,t(12; 42;n− 1) = −σ(n)− σ(n/2) + 10σ(n/4) − 8σ(n/8),
Ns,t(22; 42;n− 1) = −σ(n) + 3σ(n/2) − 2σ(n/4),
Ns,t(21; 2241;n− 1) = −σ(n) + 3σ(n/2) − 2σ(n/4),
Nl,t(11; 2161;n− 1) = −σ(n)− 3σ(n/2) + 3σ(n/3) + 4σ(n/4) + 9σ(n/6) − 12σ(n/12),
Nl,t(21; 2161;n− 1) = −σ(n) + 3σ(n/2) − 3σ(n/3) − 2σ(n/4) + 9σ(n/6) − 6σ(n/12).
4.3. Sample fromulas (6 variables).
δ6(1
422;n− 1) = σ2;χ−4,1(n),
δ6(1
531;n− 1) = −1
8
σ2;1,χ−3(n) +
1
8
σ2;1,χ−3(n/2) +
9
8
σ2;χ−3,1(n) +
9
8
σ2;χ−3,1(n/2),
δ6(1
135;n− 1) = −1
8
σ2;1,χ−3(n) +
1
8
σ2;1,χ−3(n/2) +
1
8
σ2;χ−3,1(n) +
1
8
σ2;χ−3,1(n/2),
δ6(2
442;n− 2) = σ2;χ−4,1(n/2),
δ6(4
6;n− 3) = − 1
16
σ2;1,χ−4(n) +
1
16
σ2;1,χ−4(n/2) +
1
16
σ2;χ−4,1(n)−
1
4
σ2;χ−4,1(n/2),
δ6(1
22143;n− 2) = 1
6
σ2;χ−8,1(n)−
1
6
f3,8,χ−8(n),
Nl,t(11; 1232;n− 1) = −1
2
σ2;1,χ−3(n) +
1
2
σ2;1,χ−3(n/2) +
3
2
σ2;χ−3,1(n) +
3
2
σ2;χ−3,1(n/2),
Nl,t(21; 1232;n− 1) = 1
4
σ2;1,χ−3(n)−
1
4
σ2;1,χ−3(n/2) +
3
4
σ2;χ−3,1(n) +
3
4
σ2;χ−3,1(n/2),
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Ns,t(12; 24;n− 1) = σ2;χ−4,1(n),
Ns,t(14; 42;n− 1) = −σ2;1,χ−4(n) + σ2;1,χ−4(n/2) + 2σ2;χ−4,1(n),
Ns,t(24; 42;n− 1) = σ2;1,χ−4(n)σ2;1,χ−4(n/2) + σ2;χ−4,1(n)− 4σ2;χ−4,1(n/2),
Ns,t(1222; 42;n− 1) = σ2;χ−4,1(n),
Ns,t(12; 44;n− 2) = −1
4
σ2;1,χ−4(n) +
1
4
σ2;1,χ−4(n/2) +
1
4
σ2;χ−4,1(n),
Ns,t(22; 44;n− 2) = σ2;χ−4,1(n/2),
Ns,t(22; 24;n− 1) = σ2;χ−4,1(n)− 4σ2;χ−4,1(n/2),
Ns,t(1121; 122141;n− 1) = σ2;χ−4,1(n),
Ns,t(1123; 42;n− 1) = 2
3
σ2;χ−8,1(n) +
1
3
a3,8,χ−8(n),
Ns,t(1321; 42;n− 1) = 4
3
σ2;χ−8,1(n)−
1
3
a3,8,χ−8(n),
Ns,t(12; 122141;n− 1) = 4
3
σ2;χ−8,1(n)−
1
3
a3,8,χ−8(n),
Ns,t(22; 122141;n− 1) = 2
3
σ2;χ−8,1(n) +
1
3
a3,8,χ−8(n),
Ns,t(1121; 24;n− 1) = 2
3
σ2;χ−8,1(n) +
1
3
a3,8,χ−8(n),
Ns,t(1121; 44;n− 2) = 1
6
σ2;χ−8,1(n)−
1
6
a3,8,χ−8(n),
Ns,t(1221; 2241;n− 1) = σ2;χ−4,1(n),
Ns,t(23; 2241;n− 1) = σ2;χ−4,1(n)− 4σ2;χ−4,1(n/2),
Ns,t(13; 2241;n− 1) = 4
3
σ2;χ−8,1(n)−
1
3
a3,8,χ−8(n),
Ns,t(1122; 2241;n− 1) = 2
3
σ2;χ−8,1(n) +
1
3
a3,8,χ−8(n),
Nl,s,t(11; 1131; 2161;n− 1) = −1
2
σ2;1,χ−3(n) +
1
2
σ2;1,χ−3(n/2) +
3
2
σ2;χ−3,1(n) +
3
2
σ2;χ−3,1(n/2),
Nl,s,t(11; 12; 2161;n− 1) = 16
7
σ2;χ−4,1(n) +
72
7
σ2;χ−4,1(n/3) −
9
7
τ3,12,χ−4;1(n)−
30
7
τ3,12,χ−4;2(n),
Nl,s,t(11; 12; 42;n− 1) = 1
4
σ2;1,χ−3(n)−
1
2
σ2;1,χ−3(n/2) −
7
4
σ2;1,χ−3(n/4) + 2σ2;1,χ−3(n/8)
+
9
4
σ2;χ−3,1(n) +
9
2
σ2;χ−3,1(n/2) −
117
4
σ2;χ−3,1(n/4) + 90σ2;χ−3,1(n/8)
− 3τ3,12,χ−3(n) +
9
2
τ3,12,χ−3(n/2) +
3
2
τ3,24,χ−3;1(n),
Nl,s,t(81; 12; 2161;n− 1) = 5
14
σ2;χ−4,1(n)−
9
14
σ2;χ−4,1(n/3) +
9
14
τ3,12,χ−4;1(n)−
6
7
τ3,12,χ−4;2(n)
+ 6τ3,12,χ−4;3(n) + 18τ3,12,χ−4;4(n),
Nl,s,t(11; 1161; 42;n− 1) = 32
39
σ2;χ−8,1(n) +
24
13
σ2;χ−8,1(n/3) −
47
39
τ3,8,χ−8(n)−
6
13
τ3,8,χ−8(n/3)
+
14
13
τ3,24,χ−8;1(n) +
21
26
τ3,24,χ−8;2(n) +
33
26
τ3,24,χ−8;3(n)−
23
13
τ3,24,χ−8;4(n),
Nl,s,t(11; 1121; 42;n− 1) = 36
23
σ2;χ−24,1(n)−
4
23
σ2;χ−3,χ8(n)−
51
92
τ3,24,χ−24;1(n) +
3
46
τ3,24,χ−24;2(n)
+
51
23
τ3,24,χ−24;3(n) +
15
23
τ3,24,χ−24;4(n)−
153
92
τ3,24,χ−24;5(n)−
51
46
τ3,24,χ−24;6(n).
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5. Appendix
As mentioned in §1.1.1, to get explicit formulas given by (21) for the list of forms in Tables 2(a)
and 2(b), we use the following tables. These tables (Tables 3 to 14) give the required coefficients
‘ti’ that appear in the formulas (21).
5.1. Tabular format (4 variables). We provide the sample formula for representation number
in tables as follows.
Table 3: Coefficient of linear span
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6
Ns,t(1131; 2161;n− 1) − 124 124 18 0 −18 0
Ns,t(11; 2132;n− 1) − 124 124 18 0 −18 0
Ns,t(31; 1261;n− 1) − 124 124 18 0 −18 0
Nl,t(11; 2161;n − 1) − 124 −18 18 16 38 −12
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Table 3: Coefficient of linear span. (continued. . . )
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6
Nl,t(21; 2161;n − 1) − 124 18 −18 − 112 38 −14
Nl,t(41; 2161;n − 1) − 124 18 18 − 112 −38 14
Table 4: Coefficient of linear span
Representation number Coefficient of linear span
t1 t2 t3 t4
δ4(1
12231;n − 1) 0 34 14 0
δ4(1
13162;n − 2) 0 14 −14 0
Ns,t(12; 2161;n − 1) 0 32 −12 0
Ns,t(32; 2161;n − 1) 0 12 12 0
Ns,t(31; 2132;n − 1) 0 12 12 0
Ns,t(11; 1261;n − 1) 0 32 −12 0
Table 5: Coefficient of linear span
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6 t7 t8 t9
Ns,t(32; 42;n − 1) − 148 116 116 − 524 − 316 16 58 −12 12
Ns,t(62; 42;n − 1) − 148 116 116 − 124 − 316 0 18 0 12
Ns,t(2161; 2161;n− 1) − 148 116 − 116 − 124 316 0 −18 0 12
Ns,t(21; 4162;n− 2) 0 − 124 0 124 18 0 −18 0 0
Ns,t(61; 113141;n− 1) − 148 148 116 0 − 116 0 0 0 12
Nl,t(81; 2161;n− 1) − 196 132 − 132 − 148 332 0 − 116 0 34
Table 6: Coefficient of linear span
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6
Ns,t(3161; 42;n− 1) 0 0 25 −35 25 15
Ns,t(1161; 2161;n− 1) 0 0 45 −65 45 −35
Ns,t(2131; 2161;n− 1) 0 0 25 125 25 15
Ns,t(11; 4162;n− 2) 0 0 15 65 15 −25
Ns,t(31; 113141;n− 1) 0 0 45 −65 −15 25
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Table 6: Coefficient of linear span. (continued. . . )
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6
Ns,t(21; 2132;n− 1) 0 0 25 125 25 15
Ns,t(61; 1261;n− 1) 0 0 45 −65 45 −35
Table 7: Coefficient of linear span
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6 t7 t8
Ns,t(1131; 42;n− 1) −14 14 34 0 −14 0 34 34
Ns,t(2161; 42;n− 1) 0 0 34 −32 14 12 0 0
Ns,t(22; 2161;n− 1) 0 0 32 −3 −12 −1 0 0
Ns,t(62; 2161;n− 1) 0 0 12 −1 12 1 0 0
Ns,t(21; 113141;n− 1) 0 0 34 0 14 0 0 0
Ns,t(61; 2241;n− 1) 0 0 34 −32 14 12 0 0
Ns,t(61; 4162;n− 2) 0 0 0 12 0 12 0 0
Nl,t(11; 42;n− 1) −14 14 34 3 −14 1 34 34
Nl,t(21; 42;n− 1) −14 14 32 −3 12 1 −34 −34
Nl,t(41; 42;n− 1) −14 14 34 −32 −14 −12 34 34
Nl,t(81; 42;n− 1) 18 −18 38 −34 18 14 38 38
Table 8: Coefficient of linear span
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6
δ4(3
24161;n− 2) 0 16 −16 0 13 0
Ns,t(1161; 42;n− 1) 0 12 −16 0 2 23
Ns,t(2131; 42;n− 1) 0 12 16 0 0 13
Ns,t(1121; 2161;n− 1) 0 1 13 0 0 −13
Ns,t(3161; 2161;n− 1) 0 13 13 0 23 13
Ns,t(11; 113141;n− 1) 0 1 −13 0 1 13
Ns,t(21; 1261;n− 1) 0 1 13 0 0 −13
Ns,t(31; 4162;n− 2) 0 16 −16 0 13 0
Ns,t(31; 2241;n− 1) 0 12 16 0 0 13
Ns,t(61; 2132;n− 1) 0 13 13 0 23 13
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5.2. Tabular format (6 variables). Here, we present the formulas for representation number.
Table 9: Coefficient of linear span
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6 t7
δ6(1
2213261;n − 2) −116 116 0 316 316 0 −18
δ6(2
561;n− 2) 0 −18 18 0 98 98 0
δ6(2
165;n− 4) 0 −18 18 0 18 18 0
δ6(2
363;n− 3) −132 −332 18 332 −932 −38 −116
Nl,t(12; 2161;n− 1) −54 −34 2 154 −94 -6 −32
Nl,t(1121; 2161;n− 1) 14 −94 2 34 274 6 0
Nl,t(1141; 2161;n− 1) −18 98 -1 38 278 3 34
Nl,t(22; 2161;n− 1) −12 −32 2 32 −92 -6 0
Nl,t(2141; 2161;n− 1) 14 34 -1 34 −94 -3 0
Nl,t(42; 2161;n− 1) −18 −38 12 38 −98 −32 34
Nl,t(11; 24;n− 1) 116 −916 12 916 8116 92 38
Nl,t(21; 2262;n− 2) 0 −12 12 0 32 32 0
Nl,t(41; 64;n− 3) 116 316 −14 116 −316 −14 −18
Nl,t(41; 1232;n− 1) −18 18 0 38 38 0 34
N (11; 1131; 2161;n− 1) −12 12 0 32 32 0 0
N (21; 1131; 2161;n− 1) 14 −14 0 34 34 0 0
N (41; 1131; 2161;n− 1) −18 18 0 38 38 0 34
Ns,t(14; 2161;n− 1) 14 −14 0 94 94 0 −32
Ns,t(1232; 2161;n − 1) −14 14 0 34 34 0 12
Ns,t(34; 2161;n− 1) 14 −14 0 14 14 0 12
Ns,t(12; 112231;n − 1) −18 18 0 98 98 0 0
Ns,t(12; 113162;n − 2) 18 −18 0 38 38 0 −12
Ns,t(32; 112231;n − 1) 18 −18 0 38 38 0 12
Ns,t(32; 113162;n − 2) −18 18 0 18 18 0 0
Ns,t(1131; 24;n− 1) 116 −116 0 916 916 0 38
Ns,t(1131; 64;n− 3) 116 −116 0 116 116 0 −18
Ns,t(1131; 1232;n − 1) −14 14 0 34 34 0 12
Ns,t(1131; 2262;n − 2) −116 116 0 316 316 0 −18
N (11; 11; 2132;n − 1) −12 12 0 32 32 0 0
N (21; 11; 2132;n − 1) 14 −14 0 34 34 0 0
N (41; 11; 2132;n − 1) −18 18 0 38 38 0 34
N (11; 31; 1261;n − 1) −12 12 0 32 32 0 0
N (21; 31; 1261;n − 1) 14 −14 0 34 34 0 0
N (41; 31; 1261;n − 1) −18 18 0 38 38 0 34
Ns,t(13; 1261;n− 1) 14 −14 0 94 94 0 −32
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Table 9: coefficient in linear span. (continued. . . )
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6 t7
Ns,t(1132; 1261;n − 1) −14 14 0 34 34 0 12
Ns,t(1231; 2132;n − 1) −14 14 0 34 34 0 12
Ns,t(33; 2132;n− 1) 14 −14 0 14 14 0 12
Table 10: Coefficient of linear span
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6
δ6(1
462;n − 2) 0 0 27 97 −27 −97
δ6(1
1233161;n− 2) 0 0 528 −928 −528 −37
δ6(1
1213163;n− 3) 0 0 128 1528 −128 −27
δ6(2
234;n − 2) 0 0 17 −67 −17 −17
δ6(3
462;n − 3) 0 0 0 1 0 0
Nl,t(11; 112231;n − 1) 0 0 107 −187 −37 −37
Nl,t(11; 113162;n − 2) 0 0 27 307 −27 −97
Nl,t(21; 112231;n − 1) 0 0 47 187 37 37
Nl,t(21; 113162;n − 2) 0 0 27 −127 −27 −97
Nl,t(41; 112231;n − 1) 0 0 514 −914 914 157
Nl,t(41; 113162;n − 2) 0 0 114 1514 −114 37
N (11; 12; 2161;n− 1) 0 0 167 727 −97 −307
N (21; 12; 2161;n− 1) 0 0 107 −187 −37 −247
N (41; 12; 2161;n− 1) 0 0 47 187 37 247
N (11; 32; 2161;n− 1) 0 0 87 −487 −17 67
N (21; 32; 2161;n− 1) 0 0 27 307 57 127
N (41; 32; 2161;n− 1) 0 0 27 −127 57 127
Ns,t(1133; 2161;n− 1) 0 0 47 −247 37 107
Ns,t(1331; 2161;n− 1) 0 0 87 367 −17 67
Ns,t(1131; 112231;n− 1) 0 0 57 −97 27 97
Ns,t(1131; 113162;n− 2) 0 0 17 157 −17 −17
Ns,t(12; 64;n − 3) 0 0 17 −67 −17 −87
Ns,t(12; 1232;n− 1) 0 0 87 367 −17 67
Ns,t(12; 2262;n− 2) 0 0 27 97 −27 −97
Ns,t(32; 24;n − 1) 0 0 27 97 57 127
Ns,t(32; 64;n − 3) 0 0 0 1 0 0
Ns,t(32; 1232;n− 1) 0 0 47 −247 37 107
Ns,t(32; 2262;n− 2) 0 0 17 −67 −17 −17
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Table 10: Coefficient of linear span (continued. . . )
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6
N (11; 11; 1261;n− 1) 0 0 167 727 −97 −307
N (21; 11; 1261;n− 1) 0 0 107 −187 −37 −247
N (41; 11; 1261;n− 1) 0 0 47 187 37 247
N (11; 31; 2132;n− 1) 0 0 87 −487 −17 67
N (21; 31; 2132;n− 1) 0 0 27 307 57 127
N (41; 31; 2132;n− 1) 0 0 27 −127 57 127
Ns,t(1231; 1261;n− 1) 0 0 87 367 −17 67
Ns,t(33; 1261;n− 1) 0 0 47 −247 37 107
Ns,t(13; 2132;n− 1) 0 0 87 367 −17 67
Ns,t(1132; 2132;n− 1) 0 0 47 −247 37 107
Table 11: Coefficient of linear span
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6 t7 t8 t9 t10 t11 t12
δ6(1
1314262;n− 3) 164 −164 0 0 −364 −364 −34 6 −732 0 112 16
δ6(2
14461;n− 3) 1128 3128 −132 0 9128 −27128 −2732 92 −964 316 116 0
δ6(1
1223142;n− 2) −164 164 0 0 2764 2764 0 0 332 34 0 −12
Nl,t(1181; 2161;n− 1) 116 −916 12 0 −1516 916 6 -36 38 32 −12 2
Nl,t(2181; 2161;n− 1) −18 −38 12 0 −158 −278 -6 36 −32 −32 12 4
Nl,t(4181; 2161;n− 1) 116 316 −14 0 −1516 −2716 154 -36 38 -3 −12 2
Nl,t(8181; 2161;n− 1) −132 −332 18 0 −3332 −4532 −218 18 −316 −34 14 2
Nl,t(81; 1232;n− 1) 116 −116 0 0 −1516 −1516 92 -36 38 −32 −12 2
Nl,t(81; 24;n− 1) −132 −332 18 0 −4532 −8132 −98 0 −916 −94 0 3
Nl,t(81; 2262;n− 2) 0 −18 18 0 0 38 38 0 0 34 0 0
Nl,t(81; 64;n− 3) −132 −332 18 0 −532 −932 −138 12 −516 14 16 13
Nl,t(11; 44;n− 2) 364 164 −916 12 2764 −964 −13516 452 −2732 98 38 0
Nl,t(21; 44;n− 2) 0 116 −916 12 0 916 8116 92 0 38 0 0
Nl,t(41; 44;n− 2) 0 −18 −38 12 0 98 −278 −92 0 0 0 0
Nl,t(81; 44;n− 2) 0 116 316 −14 0 916 −2716 −94 0 38 0 0
N (81; 1131; 2161;n− 1) 116 −116 0 0 −1516 −1516 92 -36 38 −32 −12 2
N (11; 2161; 2161;n− 1) 18 −98 1 0 −38 218 6 -24 14 1 −13 43
N (21; 2161; 2161;n− 1) −14 −34 1 0 −34 −154 -6 24 -1 -1 13 83
N (41; 2161; 2161;n− 1) 18 38 −12 0 −38 −158 32 -24 14 -2 −13 43
N (81; 2161; 2161;n− 1) −116 −316 14 0 −2116 −3316 −154 24 −58 -1 13 83
N (11; 12; 42;n− 1) 14 −12 −74 2 94 92 −1174 90 -3 92 32 0
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Table 11: Coefficient of linear span. (continued. . . )
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6 t7 t8 t9 t10 t11 t12
N (21; 12; 42;n− 1) −18 −18 −74 2 98 −98 634 18 0 32 0 0
N (41; 12; 42;n− 1) 116 −516 −74 2 916 4516 −634 -18 38 0 0 0
N (81; 12; 42;n− 1) −132 532 78 -1 −4532 −932 −638 -9 −916 −34 0 3
N (11; 22; 42;n− 1) 116 −916 12 0 916 8116 92 0 38 0 0 0
N (21; 22; 42;n− 1) −18 −38 12 0 98 −278 −92 0 0 0 0 0
N (41; 22; 42;n− 1) 116 316 −14 0 916 −2716 −94 0 38 0 0 0
N (81; 22; 42;n− 1) −132 −332 18 0 −4532 −8132 −98 0 −916 −94 0 3
N (11; 32; 42;n− 1) −14 0 −74 2 94 32 514 -54 52 52 −56 −83
N (21; 32; 42;n− 1) 18 −38 −74 2 −98 −38 −334 18 -1 −52 13 83
N (41; 32; 42;n− 1) −116 −316 −74 2 −916 −2116 334 -18 58 -2 −13 43
N (81; 32; 42;n− 1) 132 332 78 -1 −2732 −3932 338 -9 516 −74 −16 53
N (11; 62; 42;n− 1) −116 916 −12 0 −916 1516 92 -24 58 1 −13 43
N (21; 62; 42;n− 1) 18 38 −12 0 −98 −218 −92 24 -1 -1 13 83
N (41; 62; 42;n− 1) −116 −316 14 0 −916 −2116 94 -24 58 -2 −13 43
N (81; 62; 42;n− 1) 132 332 −18 0 −2732 −3932 98 -12 516 −74 −16 53
Ns,t(2361; 42;n− 1) −116 −316 14 0 −916 −4516 −94 0 −38 −32 0 2
Ns,t(2163; 42;n− 1) 116 316 −14 0 −1516 −2716 −34 0 −18 −32 0 2
Ns,t(112231; 42;n− 1) 116 −116 0 0 916 916 0 0 38 0 0 0
Ns,t(122161; 42;n− 1) −116 116 0 0 −916 −916 0 0 −38 0 0 2
Ns,t(113162; 42;n− 1) −116 116 0 0 −916 −916 3 -24 58 -1 −13 43
Ns,t(213261; 42;n− 1) 116 −116 0 0 −1516 −1516 0 0 −18 -2 0 2
Ns,t(64; 2161;n− 1) 18 38 −12 0 −78 −118 12 -8 112 −53 −19 169
Ns,t(1262; 2161;n− 1) −18 18 0 0 −98 −98 -3 24 −34 1 13 83
Ns,t(2232; 2161;n− 1) −18 18 0 0 −98 −98 -3 24 −34 -3 13 83
Ns,t(2262; 2161;n− 1) −18 −38 12 0 −98 −218 −92 24 −34 -1 13 83
Ns,t(3262; 2161;n− 1) 18 −18 0 0 −78 −78 1 -8 112 −53 −19 169
Ns,t(11213161; 2161;n−1) 18 −18 0 0 −38 −38 3 -24 14 -1 −13 43
Ns,t(1131; 44;n− 2) 164 −564 −716 12 964 4564 −8116 92 −932 38 18 0
Ns,t(2161; 44;n− 2) 0 116 −116 0 0 916 916 0 0 38 0 0
Ns,t(12; 214261;n− 2) 132 −132 0 0 932 932 −94 18 −916 34 14 0
Ns,t(32; 214261;n− 2) −132 132 0 0 1532 1532 34 -6 516 34 −112 −23
Ns,t(22; 112231;n− 1) −116 116 0 0 −916 −916 0 0 −38 -3 0 2
Ns,t(22; 113162;n− 2) 116 −116 0 0 916 916 3 -24 38 0 −13 −23
Ns,t(22; 214261;n− 2) 0 −18 18 0 0 98 98 0 0 0 0 0
Ns,t(62; 112231;n− 1) 116 −116 0 0 −1516 −1516 0 0 −18 -1 0 2
Ns,t(62; 113162;n− 2) −116 116 0 0 −116 −116 -1 8 −524 23 19 29
Ns,t(62; 214261;n− 2) 0 18 −18 0 0 38 38 0 0 12 0 0
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Table 11: Coefficient of linear span. (continued. . . )
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6 t7 t8 t9 t10 t11 t12
Ns,t(1121; 324161;n− 2) −116 116 0 0 316 316 0 0 −18 0 0 0
Ns,t(3161; 324161;n− 2) −116 116 0 0 316 316 1 -8 524 13 −19 −29
Ns,t(1161; 122141;n− 1) −116 116 0 0 −916 −916 0 0 −38 0 0 2
Ns,t(2131; 122141;n− 1) 116 −116 0 0 916 916 0 0 38 0 0 0
Ns,t(2161; 24;n− 1) −116 −316 14 0 −916 −4516 −94 0 −38 −32 0 2
Ns,t(2161; 64;n− 3) −116 −316 14 0 −116 −516 −54 8 −524 16 19 29
Ns,t(2161; 1232;n− 1) 18 −18 0 0 −38 −38 3 -24 14 -1 −13 43
Ns,t(2161; 2262;n− 2) 0 −14 14 0 0 34 34 0 0 12 0 0
N (11; 21; 2241;n− 1) 116 − 916 12 0 916 8116 92 0 38 0 0 0
N (21; 21; 2241;n− 1) −18 −38 12 0 98 −278 −92 0 0 0 0 0
N (41; 21; 2241;n− 1) 116 316 −14 0 916 −2716 −94 0 38 0 0 0
N (81; 21; 2241;n− 1) − 132 − 332 18 0 −4532 −8132 −98 0 − 916 −94 0 3
N (11; 21; 4162;n− 2) − 316 − 516 12 0 916 −1516 −32 0 −38 0 0 0
N (21; 21; 4162;n− 2) 0 −12 12 0 0 32 32 0 0 0 0 0
N (41; 21; 4162;n− 2) 0 14 −14 0 0 34 34 0 0 0 0 0
N (81; 21; 4162;n− 2) 0 −18 18 0 0 38 38 0 0 34 0 0
N (11; 61; 113141;n− 1) −14 14 0 0 0 0 3 −24 14 1 −13 43
N (21; 61; 113141;n− 1) 18 −18 0 0 −98 −98 −3 24 −1 −1 13 83
N (41; 61; 113141;n− 1) − 116 116 0 0 − 916 − 916 3 −24 58 −2 −13 43
N (81; 61; 113141;n− 1) 132 − 132 0 0 −2732 −2732 32 −12 516 −1 −16 53
N (81; 11; 2132;n− 1) 116 − 116 0 0 −1516 −1516 92 −36 38 −32 −12 2
N (81; 31; 1261;n− 1) 116 − 116 0 0 −1516 −1516 92 −36 38 −32 −12 2
Ns,t(1261; 2241;n− 1) − 116 116 0 0 − 916 − 916 0 0 −38 0 0 2
Ns,t(2261; 2241;n− 1) − 116 − 316 14 0 − 916 −4516 −94 0 −38 −32 0 2
Ns,t(3261; 2241;n− 1) 116 − 116 0 0 −1516 −1516 0 0 −18 −2 0 2
Ns,t(63; 2241;n− 1) 116 316 −14 0 −1516 −2716 −34 0 −18 −32 0 2
Ns,t(112131; 2241;n− 1) 116 − 116 0 0 916 916 0 0 38 0 0 0
Ns,t(1122; 1261;n− 1) 18 −18 0 0 98 98 9 −72 34 −3 −1 0
Ns,t(213161; 1261;n− 1) 18 −18 0 0 −38 −38 3 −24 14 −1 −13 43
Ns,t(1162; 1261;n− 1) −18 18 0 0 −98 −98 −3 24 −34 1 13 83
Ns,t(2231; 2132;n− 1) −18 18 0 0 −98 −98 −3 24 −34 −3 13 83
Ns,t(112161; 2132;n− 1) 18 −18 0 0 −38 −38 3 −24 14 −1 −13 43
Ns,t(3162; 2132;n− 1) 18 −18 0 0 −78 −78 1 −8 112 −53 −19 169
Ns,t(1261; 4162;n− 2) 116 − 116 0 0 − 316 − 316 −3 24 −78 1 13 23
Ns,t(2261; 4162;n− 2) 0 −14 14 0 0 34 34 0 0 12 0 0
Ns,t(3261; 4162;n− 2) − 116 116 0 0 316 316 1 −8 524 13 −19 −29
Ns,t(63; 4162;n− 2) 0 14 −14 0 0 14 14 0 0 12 0 0
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Table 11: Coefficient of linear span. (continued. . . )
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6 t7 t8 t9 t10 t11 t12
Ns,t(112131; 4162;n− 2) − 116 116 0 0 316 316 0 0 −18 0 0 0
Ns,t(1221; 113141;n− 1) −18 18 0 0 98 98 0 0 0 0 0 0
Ns,t(23; 113141;n− 1) − 116 116 0 0 − 916 − 916 0 0 −38 −3 0 2
Ns,t(113161; 113141;n−1) −18 18 0 0 −38 −38 3 −24 12 −1 −13 43
Ns,t(2132; 113141;n− 1) 18 −18 0 0 38 38 0 0 12 0 0 0
Ns,t(2162; 113141;n− 1) 116 − 116 0 0 −1516 −1516 0 0 −18 −1 0 2
Table 12: Coefficient of linear span
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6 t7 t8 t9 t10 t11 t12
δ6(1
23242;n− 2) 0 0 0 0 17 0 914 0 −17 −914 12 0
δ6(2
24262;n− 3) 0 0 0 0 114 −27 928 −97 −114 −928 128 −314
δ6(4
264;n− 4) 0 0 0 0 0 17 0 −67 0 0 −17 −17
Nl,t(12; 42;n− 1) 27 −27 −97 97 207 −327 907 −1447 −157 −727 487 0
Nl,t(1121; 42;n− 1) −514 514 −914 914 57 407 −97 −727 914 187 −187 0
Nl,t(1141; 42;n− 1) 27 −27 −97 97 27 167 97 727 37 97 3 367
Nl,t(22; 42;n− 1) 27 −27 −97 97 87 −327 367 −1447 −37 −187 67 0
Nl,t(2141; 42;n− 1) −514 514 −914 914 57 −207 −97 367 914 187 0 187
Nl,t(42; 42;n− 1) 27 −27 −97 97 27 −87 97 −367 37 97 37 187
Nl,t(1181; 42;n− 1) 528 −528 928 −928 528 107 −928 −187 914 2714 92 1177
Nl,t(2181; 42;n− 1) −17 17 914 −914 27 −87 97 −367 67 2714 32 457
Nl,t(4181; 42;n− 1) 528 −528 928 −928 528 −57 −928 97 914 2714 914 277
Nl,t(82; 42;n− 1) 114 −114 −928 928 114 −27 928 −97 67 187 67 367
Nl,t(81; 112231;n− 1) 0 0 0 0 17 0 914 0 67 3314 32 9
Nl,t(81; 113162;n− 2) 0 0 0 0 114 0 −37 0 −114 −1514 32 3
Nl,t(11; 214261;n− 2) 0 0 0 0 37 −87 2714 −367 −37 −2714 914 −67
Nl,t(21; 214261;n− 2) 0 0 0 0 0 107 0 −187 0 0 −37 −37
Nl,t(41; 214261;n− 2) 0 0 0 0 0 47 0 187 0 0 37 37
Nl,t(81; 214261;n− 2) 0 0 0 0 0 514 0 −914 0 0 914 157
N (81; 12; 2161;n− 1) 0 0 0 0 514 0 −914 0 914 −67 6 18
N (81; 32; 2161;n− 1) 0 0 0 0 114 0 1514 0 1314 247 0 6
N (11; 22; 2161;n− 1) 0 0 0 0 47 327 187 1447 37 247 −187 247
N (21; 22; 2161;n− 1) 0 0 0 0 107 −407 −187 727 −37 −247 127 127
N (41; 22; 2161;n− 1) 0 0 0 0 47 −167 187 −727 37 247 −127 −127
N (81; 22; 2161;n− 1) 0 0 0 0 514 −107 −914 187 914 −67 247 667
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Table 12: Coefficient of linear span. (continued. . . )
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6 t7 t8 t9 t10 t11 t12
N (11; 62; 2161;n− 1) 0 0 0 0 27 167 −127 −967 57 127 267 967
N (21; 62; 2161;n− 1) 0 0 0 0 27 −87 307 −1207 57 127 87 367
N (41; 62; 2161;n− 1) 0 0 0 0 27 −87 −127 487 57 127 87 367
N (81; 62; 2161;n− 1) 0 0 0 0 114 −27 1514 −307 1314 247 27 307
N (11; 1131; 42;n− 1) 27 −27 −97 97 87 0 367 0 −37 −187 307 247
N (21; 1131; 42;n− 1) −514 514 −914 914 57 0 −97 0 914 187 −67 127
N (41; 1131; 42;n− 1) 27 −27 −97 97 27 0 97 0 37 97 97 247
N (81; 1131; 42;n− 1) 528 −528 928 −928 528 0 −928 0 914 2714 2714 577
N (11; 2161; 42;n− 1) 0 0 0 0 514 207 −914 −367 914 157 157 787
N (21; 2161; 42;n− 1) 0 0 0 0 47 −167 187 −727 37 37 97 307
N (41; 2161; 42;n− 1) 0 0 0 0 514 −107 −914 187 914 157 37 247
N (81; 2161; 42;n− 1) 0 0 0 0 17 −47 914 −187 67 3314 1514 397
Ns,t(34; 42;n− 1) −17 17 −67 67 27 0 −127 0 67 247 −87 167
Ns,t(1232; 42;n− 1) 27 −27 −97 97 47 0 187 0 17 0 167 247
Ns,t(64; 42;n− 1) 0 0 0 0 17 −47 −67 247 67 207 47 327
Ns,t(1262; 42;n− 1) 0 0 0 0 27 0 97 0 57 127 4 12
Ns,t(2232; 42;n− 1) 0 0 0 0 27 0 97 0 57 127 0 0
Ns,t(2262; 42;n− 1) 0 0 0 0 27 −87 97 −367 57 127 87 367
Ns,t(3262; 42;n− 1) 0 0 0 0 17 0 −67 0 67 207 0 4
Ns,t(1236; 42;n− 1) 0 0 0 0 514 0 −914 0 914 157 1 6
Ns,t(2361; 2161;n− 1) 0 0 0 0 57 −207 −97 367 27 −127 207 487
Ns,t(2163; 2161;n− 1) 0 0 0 0 17 −47 157 −607 67 207 47 327
Ns,t(112231; 2161;n− 1) 0 0 0 0 47 0 187 0 37 247 -2 0
Ns,t(122161; 2161;n− 1) 0 0 0 0 57 0 −97 0 27 −127 4 12
Ns,t(113162; 2161;n− 1) 0 0 0 0 27 0 −127 0 57 127 2 8
Ns,t(213261; 2161;n− 1) 0 0 0 0 17 0 157 0 67 207 0 4
Ns,t(3161; 122141;n− 1) 0 0 0 0 514 0 −914 0 914 157 1 6
Ns,t(32; 44;n− 2) 114 −114 −928 928 114 0 928 0 −17 −37 47 67
Ns,t(1161; 324161;n− 2) 0 0 0 0 114 0 1514 0 −114 −47 1 2
Ns,t(2131; 324161;n− 2) 0 0 0 0 17 0 −67 0 −17 −17 0 0
Ns,t(1131; 214261;n− 2) 0 0 0 0 17 0 914 0 −17 −914 12 0
Ns,t(2161; 112231;n− 1) 0 0 0 0 27 0 97 0 57 127 1 6
Ns,t(2161; 113162;n− 2) 0 0 0 0 17 0 −67 0 −17 −87 1 2
Ns,t(2161; 214261;n− 2) 0 0 0 0 0 57 0 −97 0 0 27 97
Ns,t(62; 24;n− 1) 0 0 0 0 27 −87 97 −367 57 127 87 367
Ns,t(62; 44;n− 2) 0 0 0 0 0 27 0 97 0 0 57 127
Ns,t(62; 64;n− 3) 0 0 0 0 0 0 1 -4 0 0 0 0
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Table 12: Coefficient of linear span. (continued. . . )
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6 t7 t8 t9 t10 t11 t12
Ns,t(62; 1232;n− 1) 0 0 0 0 27 0 −127 0 57 127 2 8
Ns,t(62; 2262;n− 2) 0 0 0 0 0 47 0 −247 0 0 37 107
Ns,t(22; 64;n− 3) 0 0 0 0 17 −47 −67 247 −17 −87 47 47
Ns,t(22; 1232;n− 1) 0 0 0 0 47 0 187 0 37 247 -2 0
Ns,t(22; 2262;n− 2) 0 0 0 0 0 87 0 367 0 0 −17 67
N (11; 61; 2241;n− 1) 0 0 0 0 514 207 − 914 −367 914 157 157 787
N (21; 61; 2241;n− 1) 0 0 0 0 47 −167 187 −727 37 37 97 307
N (41; 61; 2241;n− 1) 0 0 0 0 514 −107 − 914 187 914 157 37 247
N (81; 61; 2241;n− 1) 0 0 0 0 17 −47 914 −187 67 3314 1514 397
N (11; 61; 4162;n− 2) 0 0 0 0 314 −47 4514 −607 − 314 −127 117 187
N (21; 61; 4162;n− 2) 0 0 0 0 0 87 0 −487 0 0 −17 67
N (41; 61; 4162;n− 2) 0 0 0 0 0 27 0 307 0 0 57 127
N (81; 61; 4162;n− 2) 0 0 0 0 0 27 0 −127 0 0 57 127
N (11; 21; 113141;n− 1) 0 0 0 0 107 0 −187 0 −37 −37 0 0
N (21; 21; 113141;n− 1) 0 0 0 0 47 0 187 0 37 37 0 0
N (41; 21; 113141;n− 1) 0 0 0 0 514 0 − 914 0 914 157 0 0
N (81; 21; 113141;n− 1) 0 0 0 0 17 0 914 0 67 3314 32 9
N (81; 11; 1261;n− 1) 0 0 0 0 514 0 − 914 0 914 −67 6 18
N (81; 31; 2132;n− 1) 0 0 0 0 114 0 1514 0 1314 247 0 6
Ns,t(113161; 2241;n− 1) 0 0 0 0 514 0 − 914 0 914 157 1 6
Ns,t(2132; 2241;n− 1) 0 0 0 0 27 0 97 0 57 127 0 0
Ns,t(2162; 2241;n− 1) 0 0 0 0 27 −87 97 −367 57 127 87 367
Ns,t(2231; 1261;n− 1) 0 0 0 0 47 0 187 0 37 247 −2 0
Ns,t(112161; 1261;n− 1) 0 0 0 0 57 0 −97 0 27 −127 4 12
Ns,t(3162; 1261;n− 1) 0 0 0 0 27 0 −127 0 57 127 2 8
Ns,t(1122; 2132;n− 1) 0 0 0 0 47 0 187 0 37 247 −2 0
Ns,t(213161; 2132;n− 1) 0 0 0 0 17 0 157 0 67 207 0 4
Ns,t(1162; 2132;n− 1) 0 0 0 0 27 0 −127 0 57 127 2 8
Ns,t(1221; 4162;n− 2) 0 0 0 0 27 0 97 0 −27 −97 0 0
Ns,t(23; 4162;n− 2) 0 0 0 0 0 87 0 367 0 0 −17 67
Ns,t(113161; 4162;n− 2) 0 0 0 0 114 0 1514 0 − 114 −47 1 2
Ns,t(2132; 4162;n− 2) 0 0 0 0 17 0 −67 0 −17 −17 0 0
Ns,t(2162; 4162;n− 2) 0 0 0 0 0 47 0 −247 0 0 37 107
Ns,t(1261; 113141;n− 1) 0 0 0 0 47 0 187 0 37 37 4 12
Ns,t(2261; 113141;n− 1) 0 0 0 0 27 0 97 0 57 127 1 6
Ns,t(3261; 113141;n− 1) 0 0 0 0 27 0 −127 0 57 197 0 4
Ns,t(63; 113141;n− 1) 0 0 0 0 17 0 −67 0 67 207 1 6
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Table 12: Coefficient of linear span. (continued. . . )
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6 t7 t8 t9 t10 t11 t12
Ns,t(112131; 113141;n−1) 0 0 0 0 57 0 −97 0 27 97 0 0
Table 13: Coefficient of linear span
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6 t7 t8 t9 t10
δ6(1
3314161;n− 2) 0 0 839 613 −239 −326 152 113 −352 −526
δ6(2
33241;n− 2) 0 0 539 −613 −5156 −11152 313 5104 −33104 −352
δ6(2
1324162;n− 3) 0 0 139 413 −1156 3552 −11156 1104 9104 −7156
Nl,t(11; 324161;n− 2) 0 0 839 3213 −239 3113 −313 113 913 −913
Nl,t(21; 324161;n− 2) 0 0 839 −2013 −239 −3413 726 113 −2126 413
Nl,t(41; 324161;n− 2) 0 0 239 813 −178 −4326 526 152 952 −1126
Nl,t(81; 324161;n− 2) 0 0 239 −513 −178 −1726 526 152 952 −1126
N (11; 1161; 42;n− 1) 0 0 3239 2413 −4739 −613 1413 2126 3326 −2313
N (21; 1161; 42;n− 1) 0 0 2039 −2413 −4439 613 1126 913 −3326 2313
N (41; 1161; 42;n− 1) 0 0 839 613 3578 −326 726 −952 7552 −3126
N (81; 1161; 42;n− 1) 0 0 539 −613 −1139 326 2552 952 2126 −413
N (11; 2131; 42;n− 1) 0 0 4039 −4813 −1039 −10513 1113 −326 −2726 713
N (21; 2131; 42;n− 1) 0 0 1639 1213 −439 11413 −2526 −926 1813 813
N (41; 2131; 42;n− 1) 0 0 1039 −1213 −578 12326 −713 −2152 4552 2326
N (81; 2131; 42;n− 1) 0 0 439 313 −139 5726 752 1552 926 213
N (11; 1121; 2161;n− 1) 0 0 8039 −9613 5839 2413 −413 −313 1213 −3813
N (21; 1121; 2161;n− 1) 0 0 3239 2413 7039 −613 113 −913 −313 −1013
N (41; 1121; 2161;n− 1) 0 0 2039 −2413 −4439 613 −113 913 313 1013
N (81; 1121; 2161;n− 1) 0 0 839 613 3578 −326 1013 −952 −352 −526
N (11; 3161; 2161;n− 1) 0 0 3239 −8013 −839 −5813 1413 413 −313 −1013
N (21; 3161; 2161;n− 1) 0 0 839 3213 −239 7013 −313 113 913 413
N (41; 3161; 2161;n− 1) 0 0 839 −2013 −239 4413 −313 113 913 413
N (81; 3161; 2161;n− 1) 0 0 239 813 −178 3526 526 152 952 1526
Ns,t(3361; 42;n− 1) 0 0 839 −2013 −239 513 439 113 −413 3839
Ns,t(3163; 42;n− 1) 0 0 439 −1013 −139 2213 239 126 926 1939
Ns,t(112132; 42;n− 1) 0 0 2039 −2413 −539 613 −113 −413 313 1013
Ns,t(112162; 42;n− 1) 0 0 1039 −1213 −2239 313 613 926 326 513
Ns,t(123161; 42;n− 1) 0 0 1639 1213 −439 −313 713 213 1813 −1813
Ns,t(223161; 42;n− 1) 0 0 839 613 −239 5713 −313 113 913 413
Ns,t(1361; 2161;n− 1) 0 0 3239 2413 −839 −613 1413 413 −313 −1013
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Table 13: Coefficient of linear span (continued. . . )
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6 t7 t8 t9 t10
Ns,t(1163; 2161;n− 1) 0 0 839 −2013 −4139 513 1739 1526 526 2539
Ns,t(2331; 2161;n− 1) 0 0 2039 −2413 −539 12313 −1413 526 4526 −313
Ns,t(2133; 2161;n− 1) 0 0 839 3213 −239 −813 439 113 −413 3839
Ns,t(122131; 2161;n− 1) 0 0 4039 −4813 −1039 1213 −213 513 613 −613
Ns,t(112261; 2161;n− 1) 0 0 1639 1213 3539 −313 713 −926 −326 −513
Ns,t(113261; 2161;n− 1) 0 0 1639 −4013 −439 1013 839 213 513 −239
Ns,t(213162; 2161;n− 1) 0 0 439 1613 −139 3513 239 126 926 1939
Ns,t(1131; 324161;n− 2) 0 0 439 1613 −139 −413 239 126 926 −2039
Ns,t(2161; 324161;n− 2) 0 0 439 −1013 −139 −1713 1778 126 −213 −739
Ns,t(1161; 112231;n− 2) 0 0 2039 −2413 −539 613 1126 526 313 −313
Ns,t(1161; 113162;n− 2) 0 0 439 1613 −139 −413 1778 126 −213 −739
Ns,t(1161; 214261;n− 2) 0 0 439 313 −43156 −352 752 17104 −3104 −552
Ns,t(2131; 112231;n− 1) 0 0 1639 1213 −439 −313 126 213 −326 813
Ns,t(2131; 113162;n− 2) 0 0 839 −2013 −239 513 −578 113 526 −1439
Ns,t(2131; 214261;n− 2) 0 0 539 −613 −5156 −11152 313 5104 −33104 −352
Ns,t(32; 122141;n− 1) 0 0 2039 −2413 −539 613 −113 −413 313 1013
Ns,t(62; 122141;n− 1) 0 0 1039 −1213 −2239 313 613 926 326 513
Ns,t(3161; 24;n− 1) 0 0 839 613 −239 5713 −313 113 913 413
Ns,t(3161; 44;n− 2) 0 0 239 326 −178 −1513 526 152 952 −1126
Ns,t(3161; 64;n− 3) 0 0 0 23 0 13 0 0 0 0
Ns,t(3161; 1232;n− 1) 0 0 1639 −4013 −439 1013 839 213 513 −239
Ns,t(3161; 2262;n− 2) 0 0 439 −1013 −139 −1713 1778 126 −213 −739
Ns,t(1121; 64;n− 3) 0 0 239 813 1939 −213 139 −313 −113 −1039
Ns,t(1121; 1232;n− 1) 0 0 4039 −4813 −1039 1213 −213 513 613 −613
Ns,t(1121; 2262;n− 2) 0 0 1039 −1213 1739 313 −126 −213 326 −813
N (11; 31; 2241;n− 1) 0 0 4039 −4813 −1039 −10513 1113 −326 −2726 713
N (21; 31; 2241;n− 1) 0 0 1639 1213 −439 11413 −2526 −926 1813 813
N (41; 31; 2241;n− 1) 0 0 1039 −1213 −578 12326 −713 −2152 4552 2326
N (81; 31; 2241;n− 1) 0 0 439 313 −139 5726 752 1552 926 213
N (11; 21; 1261;n− 1) 0 0 8039 −9613 5839 2413 −413 −313 1213 −3813
N (21; 21; 1261;n− 1) 0 0 3239 2413 7039 −613 113 −913 −313 −1013
N (41; 21; 1261;n− 1) 0 0 2039 −2413 −4439 613 −113 913 313 1013
N (81; 21; 1261;n− 1) 0 0 839 613 3578 −326 1013 −952 −352 −526
N (11; 61; 2132;n− 1) 0 0 3239 −8013 −839 −5813 1413 413 −313 −1013
N (21; 61; 2132;n− 1) 0 0 839 3213 −239 7013 −313 113 913 413
N (41; 61; 2132;n− 1) 0 0 839 −2013 −239 4413 −313 113 913 413
N (81; 61; 2132;n− 1) 0 0 239 813 −178 3526 526 152 952 1526
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Table 13: Coefficient of linear span (continued. . . )
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6 t7 t8 t9 t10
N (11; 31; 4162;n− 2) 0 0 839 3213 −239 3113 −313 113 913 −913
N (21; 31; 4162;n− 2) 0 0 839 −2013 −239 −3413 726 113 −2126 413
N (41; 31; 4162;n− 2) 0 0 239 813 −178 −4326 526 152 952 −1126
N (81; 31; 4162;n− 2) 0 0 239 −513 −178 −1726 526 152 952 −1126
N (11; 11; 113141;n− 1) 0 0 6439 4813 −1639 −1213 213 326 2726 −2013
N (21; 11; 113141;n− 1) 0 0 4039 −4813 −1039 1213 −213 −326 −2726 2013
N (41; 11; 113141;n− 1) 0 0 1639 1213 −439 −313 126 −926 1813 −513
N (81; 11; 113141;n− 1) 0 0 1039 −1213 −578 313 3752 926 4552 −2926
Ns,t(1132; 2241;n− 1) 0 0 2039 −2413 −539 613 −113 −413 313 1013
Ns,t(213161; 2241;n− 1) 0 0 839 613 −239 5713 −313 113 913 413
Ns,t(1162; 2241;n− 1) 0 0 1039 −1213 −2239 313 613 926 326 513
Ns,t(1261; 1261;n− 1) 0 0 3239 2413 −839 −613 1413 413 −313 −1013
Ns,t(2261; 1261;n− 1) 0 0 1639 1213 3539 −313 713 −926 −326 −513
Ns,t(3261; 1261;n− 1) 0 0 1639 −4013 −439 1013 839 213 513 −239
Ns,t(63; 1261;n− 1) 0 0 839 −2013 −4139 513 1739 1526 526 2539
Ns,t(112131; 1261;n− 1) 0 0 4039 −4813 −1039 1213 −213 513 613 −613
Ns,t(1221; 2132;n− 1) 0 0 4039 −4813 −1039 1213 −213 513 613 −613
Ns,t(23; 2132;n− 1) 0 0 2039 −2413 −539 12313 −1413 526 4526 −313
Ns,t(113161; 2132;n− 1) 0 0 1639 −4013 −439 1013 839 213 513 −239
Ns,t(2132; 2132;n− 1) 0 0 839 3213 −239 −813 439 113 −413 3839
Ns,t(2162; 2132;n− 1) 0 0 439 1613 −139 3513 239 126 926 1939
Ns,t(13; 4162;n− 2) 0 0 2039 −2413 −539 613 −113 526 −3326 1013
Ns,t(1122; 4162;n− 2) 0 0 1039 −1213 1739 313 −126 −213 326 −813
Ns,t(1132; 4162;n− 2) 0 0 439 1613 −139 −413 239 126 926 −2039
Ns,t(213161; 4162;n− 2) 0 0 439 −1013 −139 −1713 1778 126 −213 −739
Ns,t(1162; 4162;n− 2) 0 0 239 813 −2039 −213 526 726 −113 113
Ns,t(1231; 113141;n− 1) 0 0 3239 2413 −839 −613 113 −526 3326 −1013
Ns,t(33; 113141;n− 1) 0 0 1639 −4013 −439 1013 −539 −926 −326 5039
Ns,t(2231; 113141;n− 1) 0 0 1639 1213 −439 −313 126 213 −326 813
Ns,t(112161; 113141;n−1) 0 0 2039 −2413 −539 613 1126 526 313 −313
Ns,t(3162; 113141;n− 1) 0 0 839 −2013 −239 513 726 113 526 413
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Table 14: Coefficient of linear span
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6 t7 t8 t9 t10
δ6(1
24163;n− 3) 0 346 146 0 −1792 −19184 3146 2192 −3992 −39184
δ6(1
1213341;n− 2) 0 323 −123 0 146 9184 −146 −146 −346 −21184
δ6(1
2224161;n− 2) 0 946 −146 0 −1592 −592 1523 1992 −4592 −1546
δ6(3
24361;n− 3) 0 392 192 0 29184 192 −1592 −192 −39184 −123
Nl,t(11; 122141;n− 1) 0 3623 −423 0 −5192 346 5123 1523 −15392 −5146
Nl,t(21; 122141;n− 1) 0 1823 223 0 −6392 −2192 5423 1823 −11792 −3992
Nl,t(41; 122141;n− 1) 0 923 −123 0 3992 923 −3923 −2746 11792 3946
Nl,t(81; 122141;n− 1) 0 946 146 0 923 323 2746 946 6346 2146
N (11; 1121; 42;n− 1) 0 3623 −423 0 −5192 346 5123 1523 −15392 −5146
N (21; 1121; 42;n− 1) 0 1823 223 0 −6392 −2192 5423 1823 −11792 −3992
N (41; 1121; 42;n− 1) 0 923 −123 0 3992 923 −3923 −2746 11792 3946
N (81; 1121; 42;n− 1) 0 946 146 0 923 323 2746 946 6346 2146
N (11; 3161; 42;n− 1) 0 1223 −423 0 −1592 4192 2123 −223 18392 2792
N (21; 3161; 42;n− 1) 0 623 223 0 9392 223 −3023 −223 5192 1523
N (41; 3161; 42;n− 1) 0 323 −123 0 −2192 −792 −1223 −146 20192 9392
N (81; 3161; 42;n− 1) 0 346 146 0 346 146 −1546 −146 4223 2123
N (11; 1161; 2161;n− 1) 0 2423 −823 0 −1546 −546 13423 4223 −9346 −6546
N (21; 1161; 2161;n− 1) 0 1223 423 0 −4546 −1546 12423 4223 −8746 −5546
N (41; 1161; 2161;n− 1) 0 623 −223 0 2423 823 −7023 −2423 6623 3523
N (81; 1161; 2161;n− 1) 0 323 123 0 323 2792 3123 2146 1523 792
N (11; 2131; 2161;n− 1) 0 2423 823 0 −2146 823 1823 −823 3346 −923
N (21; 2131; 2161;n− 1) 0 1223 −423 0 2746 −723 −4823 −223 5746 2423
N (41; 2131; 2161;n− 1) 0 623 223 0 623 223 −3023 −223 3023 1523
N (81; 2131; 2161;n− 1) 0 323 −123 0 1223 −792 −1223 −146 3323 9392
Ns,t(1361; 42;n− 1) 0 1823 223 0 21392 7192 −1523 −523 −11792 −3992
Ns,t(1163; 42;n− 1) 0 323 −123 0 7192 3992 −3523 −1223 20192 9392
Ns,t(2331; 42;n− 1) 0 923 −123 0 3992 −546 −3923 −223 11792 3946
Ns,t(2133; 42;n− 1) 0 623 223 0 192 223 −723 −223 5192 1523
Ns,t(122131; 42;n− 1) 0 1823 −223 0 992 1346 −923 −423 2792 946
Ns,t(112261; 42;n− 1) 0 923 123 0 392 192 2723 923 4592 1592
Ns,t(113261; 42;n− 1) 0 623 −223 0 −1992 992 −123 −123 19592 7192
Ns,t(213162; 42;n− 1) 0 323 123 0 3592 123 −1523 −123 12992 1923
Ns,t(3361; 2161;n− 1) 0 423 423 0 746 7138 −2669 −223 6146 95138
Ns,t(3163; 2161;n− 1) 0 223 223 0 1546 546 −1223 −123 6546 3546
Ns,t(112132; 2161;n− 1) 0 1223 423 0 146 423 −1423 −423 5146 723
Ns,t(112162; 2161;n− 1) 0 623 223 0 −1146 223 6223 2123 −946 −823
Ns,t(123161; 2161;n− 1) 0 1223 −423 0 2746 946 −223 −223 5746 2546
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Table 14: Coefficient of linear span (continued. . . )
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6 t7 t8 t9 t10
Ns,t(223161; 2161;n− 1) 0 623 −223 0 2546 −746 −2423 −123 6346 4746
Ns,t(12; 324161;n− 2) 0 623 223 0 4792 223 −723 −223 −8792 −823
Ns,t(22; 324161;n− 2) 0 323 123 0 −1192 123 823 −123 −992 −423
Ns,t(32; 324161;n− 2) 0 223 −223 0 −1392 5138 569 0 2192 −5138
Ns,t(62; 324161;n− 2) 0 123 −123 0 592 769 1469 0 −192 −769
Ns,t(1121; 112231;n− 1) 0 1823 223 0 346 146 −1523 −523 4546 1546
Ns,t(1121; 113162;n− 2) 0 623 −223 0 123 −746 −123 −123 −323 146
Ns,t(1121; 214261;n− 2) 0 946 −146 0 −1592 −592 1523 1992 −4592 −1546
Ns,t(3161; 112231;n− 1) 0 623 223 0 623 223 −723 −223 3023 1523
Ns,t(3161; 113162;n− 2) 0 223 −223 0 546 5138 569 0 −146 −5138
Ns,t(3161; 214261;n− 2) 0 346 −146 0 192 223 1146 −192 −392 −1192
Ns,t(1131; 122141;n− 1) 0 1823 −223 0 992 1346 −923 −423 2792 946
Ns,t(2161; 122141;n− 1) 0 923 123 0 392 192 2723 923 4592 1592
Ns,t(1161; 24;n− 1) 0 923 123 0 392 192 2723 923 4592 1592
Ns,t(1161; 44;n− 2) 0 992 192 0 105184 35184 −2146 −746 −81184 −27184
Ns,t(1161; 64;n− 3) 0 123 123 0 −3192 −31276 9769 1123 −7392 −125276
Ns,t(1161; 1232;n− 1) 0 1223 −423 0 2746 946 −223 −223 5746 2546
Ns,t(1161; 2262;n− 2) 0 323 −123 0 −2192 −792 3423 1123 −7592 −4592
Ns,t(2131; 24;n− 1) 0 923 −123 0 3992 −546 −3923 −223 11792 3946
Ns,t(2131; 44;n− 2) 0 992 −192 0 −15184 992 1546 −146 −45184 −1592
Ns,t(2131; 64;n− 3) 0 123 −123 0 592 −346 −323 0 −192 346
Ns,t(2131; 1232;n− 1) 0 1223 423 0 146 423 −1423 −423 5146 723
Ns,t(2131; 2262;n− 2) 0 323 123 0 −1192 123 823 −123 −992 −423
N (11; 11; 2241;n− 1) 0 3623 − 423 0 −5192 346 5123 1523 −15392 −5146
N (21; 11; 2241;n− 1) 0 1823 223 0 −6392 −2192 5423 1823 −11792 −3992
N (41; 11; 2241;n− 1) 0 923 − 123 0 3992 923 −3923 −2746 11792 3946
N (81; 11; 2241;n− 1) 0 946 146 0 923 323 2746 946 6346 2146
N (11; 61; 1261;n− 1) 0 2423 − 823 0 −1546 − 546 13423 4223 −9346 −6546
N (21; 61; 1261;n− 1) 0 1223 423 0 −4546 −1546 12423 4223 −8746 −5546
N (41; 61; 1261;n− 1) 0 623 − 223 0 2423 823 −7023 −2423 6623 3523
N (81; 61; 1261;n− 1) 0 323 123 0 323 2792 3123 2146 1523 792
N (11; 21; 2132;n− 1) 0 2423 823 0 −2146 823 1823 − 823 3346 − 923
N (21; 21; 2132;n− 1) 0 1223 − 423 0 2746 − 723 −4823 − 223 5746 2423
N (41; 21; 2132;n− 1) 0 623 223 0 623 223 −3023 − 223 3023 1523
N (81; 21; 2132;n− 1) 0 323 − 123 0 1223 − 792 −1223 − 146 3323 9392
N (11; 11; 4162;n− 2) 0 1223 423 0 −2192 −1546 5523 1923 −24392 −5546
N (21; 11; 4162;n− 2) 0 623 − 223 0 −11192 −3792 6823 2223 −8192 −6792
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Table 14: Coefficient of linear span (continued. . . )
Representation number Coefficient of linear span
t1 t2 t3 t4 t5 t6 t7 t8 t9 t10
N (41; 11; 4162;n− 2) 0 323 123 0 8192 2792 −3823 −2546 − 992 792
N (81; 11; 4162;n− 2) 0 346 − 146 0 623 223 1723 1146 −1823 −1746
N (11; 31; 113141;n− 1) 0 2423 − 823 0 −1546 923 − 423 − 423 4546 223
N (21; 31; 113141;n− 1) 0 1223 423 0 1223 423 −1423 − 423 − 923 723
N (41; 31; 113141;n− 1) 0 623 − 223 0 −2146 992 − 123 − 123 6346 7192
N (81; 31; 113141;n− 1) 0 323 123 0 323 123 − 746 − 123 9946 1923
Ns,t(1231; 2241;n− 1) 0 1823 − 223 0 992 1346 − 923 − 423 2792 946
Ns,t(33; 2241;n− 1) 0 623 223 0 192 223 − 723 − 223 5192 1523
Ns,t(2231; 2241;n− 1) 0 923 − 123 0 3992 − 546 −3923 − 223 11792 3946
Ns,t(112161; 2241;n− 1) 0 923 123 0 392 192 2723 923 4592 1592
Ns,t(3162; 2241;n− 1) 0 323 123 0 3592 123 −1523 − 123 12992 1923
Ns,t(1221; 1261;n− 1) 0 3623 − 423 0 946 −1023 −1823 − 823 2746 923
Ns,t(23; 1261;n− 1) 0 1823 − 223 0 3946 − 523 −7823 −2723 11746 3923
Ns,t(113161; 1261;n− 1) 0 1223 − 423 0 2746 946 − 223 − 223 5746 2546
Ns,t(2132; 1261;n− 1) 0 1223 423 0 146 423 −1423 − 423 5146 723
Ns,t(2162; 1261;n− 1) 0 623 223 0 −1146 223 6223 2123 − 946 − 823
Ns,t(1261; 2132;n− 1) 0 1223 − 423 0 2746 946 − 223 − 223 5746 2546
Ns,t(2261; 2132;n− 1) 0 623 − 223 0 2546 − 746 −2423 − 123 6346 4746
Ns,t(3261; 2132;n− 1) 0 423 423 0 746 7138 −2669 − 223 6146 95138
Ns,t(63; 2132;n− 1) 0 223 223 0 1546 546 −1223 − 123 6546 3546
Ns,t(112131; 2132;n− 1) 0 1223 423 0 146 423 −1423 − 423 5146 723
Ns,t(1231; 4162;n− 2) 0 623 223 0 4792 223 − 723 − 223 −8792 − 823
Ns,t(33; 4162;n− 2) 0 223 − 223 0 −1392 5138 569 0 2192 − 5138
Ns,t(2231; 4162;n− 2) 0 323 123 0 −1192 123 823 − 123 − 992 − 423
Ns,t(112161; 4162;n− 2) 0 323 − 123 0 −2192 − 792 3423 1123 −7592 −4592
Ns,t(3162; 4162;n− 2) 0 123 − 123 0 592 769 1469 0 − 192 − 769
Ns,t(13; 113141;n− 1) 0 3623 423 0 7546 2546 −3023 −1023 −11746 −3946
Ns,t(1122; 113141;n− 1) 0 1823 223 0 346 146 −1523 − 523 4546 1546
Ns,t(1132; 113141;n− 1) 0 1223 − 423 0 −1946 946 − 223 − 223 5746 2546
Ns,t(213161; 113141;n−1) 0 623 223 0 623 223 − 723 − 223 3023 1523
Ns,t(1162; 113141;n− 1) 0 623 − 223 0 2546 823 − 123 − 123 6346 1223
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